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Abstract. In this paper we describe the fundamental group-scheme of a
proper variety fibered over an abelian variety with rationally connected fibers
over an algebraically closed field. We use old and recent results for the Nori
fundamental group-scheme, and of finite group-schemes in general to prove
that the kernel of such a fibration is finite, and that the homotopy exact se-
quence holds in this case. As an application, we describe the fundamental
group-schemes of certain proper varieties that are connected by curves or are
related to them.
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Introduction
In [18] and [19], M.V. Nori developed the fundamental group-scheme, a pro-
finite affine group-scheme that classifies pointed (pro-)finite torsors in terms of
group-schemes, over reduced and connected schemes of finite type over a field with
after fixing rational point. Moreover, if the scheme in question is proper, this group-
scheme is also associated to the tannakian category of essentially finite bundles, by
tannakian duality. More than 40 years later, many developments have strength-
ened the theory and have led to some variants of fundamental group-schemes coming
from tannakian categories of vector bundles, like the S-fundamental group-scheme
[13,14] and generalizations like the fundamental gerbe by N. Borne and A. Vistoli in
[6], with a recent article [1] that extends the theory of the fundamental gerbe them
even further, with strong consequences for the fundamental group-scheme that we
will use here (Section 1.3).
On the other hand, there are only a few examples of schemes for which the fun-
damental group-scheme is known. It is known for proper normal rational schemes
[19, p. 93], abelian varieties [20], and rationally connected schemes. More pre-
cisely, normal rationally connected proper varieties have a finite fundamental group-
scheme [2] and smooth proper separably rationally connected varieties have a trivial
one [3].
In his Ph.D. thesis [8], F. Gounelas completely described elliptically connected va-
rieties in characteristic 0: Either they are rationally connected, or they are fibered
over an elliptic curve with rationally connected fibers.
Inspired by this result, in this article we will study the fundamental group-scheme
of more general rationally connected fibrations over abelian varieties over an un-
countable algebraically closed field. We have chosen abelian varieties as the base
for two main reasons: the first is that the description of their fundamental group-
schemes is the same regardless of dimension (Proposition 1.13), and thus we are not
forced to just consider elliptic curves. And in second place, Nori-reduced torsors
over an abelian variety are abelian varieties themselves (Remark 1.14), while known
examples of finite Nori-reduced torsors are not even reduced in general.
Using the fact that the fundamental group-schemes of abelian and rationally con-
nected varieties are known as mentioned, we can state the main result of this article
as follows:
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Theorem (Theorem 5.1). Let k be an uncountable algebraically closed field, and
let X be a proper variety over k. Assume there is a proper fibration f : X → S
where S is an abelian variety such that all geometric fibers are reduced, connected
and possess a finite fundamental group-scheme (e.g X is normal and the fibers are
rationally connected). Then, there exist rational points x ∈ X(k) and s ∈ S(k) such
that f(x) = s and the following sequence of group-schemes is exact:
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (S, s)→ 1.
We remark that under the hypotheses of this theorem, the induced morphism
between S-fundamental group-schemes is faithfully flat [13, Lemma 8.1] and thus
by Proposition 1.12 so is the induced morphism of fundamental group-schemes.
The main tool we will use for the proof of this result is the homotopy exact se-
quence for the fundamental group-scheme. L. Zhang showed equivalent conditions
for this exact sequence to hold in [26]. His conditions are highly dependent on the
rational points we choose on the varieties. But as k is algebraically closed in our
case, this choice is irrelevant, and we will show we can find a set of rational points
for which the homotopy exact sequence holds. To this purpose, we will study how
a finite torsor over X behaves when pulled-back to the geometric generic fiber of
the fibration. This behavior depends in part on the kernel of the morphism be-
tween fundamental group-schemes. This kernel will be used to divide Nori-reduced
torsors in three families: Pure, mixed and pull-backs (Definition 3.1). Pure torsors
“represent the kernel” as their associated group-schemes are quotients of it. We
will show that they remain Nori-reduced when restricted to the geometric generic
fiber under our hypotheses (Proposition 3.18).
These are not all torsors representing the kernel though, and as an application
of the recent results of [1] for pointed torsors and the fundamental group-scheme,
more specifically, the existence of Galois closures for towers of torsors [1, Theorem
III], and the fact that Nori-reduced torsors possess a fundamental group-scheme as
well [1, Corollary I], we can show that any projective limit of Nori-reduced torsors
possesses a fundamental group-scheme (Proposition 2.3) and thus we can conceive
the kernel of a faithfully flat morphism of fundamental group-schemes as a funda-
mental group-scheme itself, associated to the projective limit of all torsors over X
that are pull-backs of Nori-reduced torsors over S (Proposition 4.3).
By showing how to manipulate torsors over general projective limits of Nori-reduced
torsors (Lemma 2.2), and applying it to the particular case of the kernel (Proposi-
tion 4.4), together with a technical lemma (Lemma 4.6), we will then conclude that
the kernel of f : X → S is finite, as S is an abelian variety and the fundamental
group-scheme of the geometric generic fiber is finite (Proposition 4.9). This latter
condition is strong (Corollary 4.10) and it allows us to find enough rational points
such that we can satisfy one of Zhang’s equivalent conditions for the homotopy
exact sequence to hold (Lemma 5.9).
As an application, we will describe the fundamental group-scheme and e´tale funda-
mental group of certain types of varieties connected by curves or adjacent to them
in Chapter 6, using some results of F. Gounelas [8]. We will show that in posi-
tive characteristic, the homotopy exact sequence holds for the varieties Gounelas
described in his characterization of elliptically connected varieties in characteristic
zero (Theorem 6.7), even if they might not longer be elliptically connected, as a
particular case of the main theorem. Some of the results for varieties connected
by curves in this chapter use the strong condition of having separably rationally
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connected geometric generic fibers, which have trivial fundamental group-scheme
for smooth proper varieties. To describe their fundamental group-schemes, we show
a generalization, valid in positive characteristic, of a result of Kollr for the topolog-
ical fundamental group for fibered complex varieties over C with general rationally
connected fibers, see [11, Theorem 5.2].
Theorem (Theorem 6.4). Let k be an algebraically closed field, and let X be a
smooth proper variety over k. Assume there is a proper fibration f : X → Y where
Y is integral such that all geometric fibers are reduced and connected, the geometric
generic fiber of f is separably rationally connected. Then, for rational points x ∈
X(k) and y ∈ Y (k) such that f(x) = y we have an isomorphism πN1 (X, x)
∼=
πN1 (Y, y) induced by f .
This paper is structured as follows: In Chapter 1 we define the main objects
that we will work on. In Section 1.1 we will define and summarize the theory of
the fundamental group-scheme, essentially finite and Nori-semistable bundles and
the S-fundamental group-scheme together with some general results, plus Subsec-
tion 1.1.1 at the end to state the examples of known fundamental group-schemes
we will use. In Section 1.2 we will present some general useful results for global
sections of essentially finite bundles. We finish this chapter with Section 1.3, where
we summarize the consequences of [1] for pointed finite torsors that we will use in
this article.
In Chapter 2 we will define pro-NR torsors and show that they possess a funda-
mental group-scheme.
The main purpose of Chapter 3 is to describe the behavior of essentially finite bun-
dles and torsor over the geometric generic fiber in Section 3.2. For the latter we
need two general results for finite group-schemes, appearing in Subsections 3.1.1
and 3.1.2, that we will apply to the theory of torsors and representations of group-
schemes.
In Chapter 4 we will establish the hypotheses of the main theorem for later sections
(Section 4.1), and then conceive the kernel of the induced morphism of fundamen-
tal group-schemes as the fundamental group-scheme of a pro-NR torsor under the
right conditions (Section 4.2). Then, we will apply this to our specific fibration to
show that the kernel is finite in Section 4.4 with strong consequences. Section 4.3
contains a technical lemma needed for the finiteness of the kernel and the proof of
the main theorem.
Chapter 5 contains the statement of the equivalent conditions for the homotopy
exact sequence and the proof of the exact sequence for our particular fibration in
Section 5.2, after defining the base change condition in Section 5.1 together with
some simplifications of this condition.
Finally, in Chapter 6 we will apply the results of the previous chapters to de-
scribe the fundamental group-schemes of some special cases of varieties connected
by curves or associated to those.
Throughout this article we will often abbreviate “fundamental group-scheme” as
FGS and “Nori-reduced” as NR.
Notations and conventions
All group-schemes, except abelian varieties, will be affine and flat over k, and
thus G-torsors t : T → X will be affine and faithfully flat over the base scheme.
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When considering affine group-schemes as representable group-valued functors, we
will do so as functors of points G˜ : Alg0k → Grp where Alg
0
k is the small category of
k-algebras of the form k[T1, · · · , Tn]/I where I is an ideal and {Ti}i∈I is a countable
set of symbols. The full inclusion of categories Alg0k → Algk is an equivalence, where
Algk is the category of algebras of finite type and thus we will identify algebras of
finite type with objects of Alg0k using this equivalence.
1. Preliminaries
1.1. Fundamental group-schemes. Let X be a scheme of finite type over k, and
let x ∈ X(k) be a rational point. We say a G-torsor t : T → X is pointed if it
has a fixed rational point y ∈ T (k) such that t(y) = x. Different choices of points
yield different pointed torsors. Morphisms of pointed torsors over x are morphism
of torsors g : (T, t)→ (T ′, t′) such that g(t) = t′.
Definition 1.1. Let X be a k-scheme having a rational point x ∈ X(k). We say
that X possesses a FGS if there exists a pro-finite group-scheme πN1 (X, x) over
k and a pointed πN1 (X, x)-torsor, denoted as Xˆ → X and called universal torsor,
that are unique up to isomorphism. The torsor Xˆ is universal in the sense that
there exists a unique morphism of torsors Xˆ → T for any pointed (pro-)finite torsor
T → X .
Equivalently, X possesses a FGS if there exists a bijection of sets
{t : T → X : T is a pointed G-torsor}
∼
→
{
Arrows πN1 (X, x)→ G
}
that is natural on G, for any (pro-)finite group-scheme G over k.
The bijection is given by taking a G-torsor T → X , with unique morphism Xˆ → T ,
to the induced morphism πN1 (X, x) → G of fibers over x, whose inverse consists
of taking such an arrow of group-schemes and considering the contracted product
torsor Xˆ ×π
N
1 (X,x) G along this morphism, which is pointed G-torsor.
We will further describe the FGS and Xˆ, but first, we need to define a special
type of pointed torsors.
Definition 1.2. Let X be a k-scheme with a rational point x ∈ X(k). A pointed
torsor t : T → X is Nori-reduced if it does not possess any non-trivial pointed
sub-torsor or equivalently, if any morphism of pointed torsors T ′ → T over X is
faithfully flat.
Remark 1.3. If X possesses a FGS. Then a pointed G-torsor over X is Nori-
reduced if and only if the arrow πN1 (X, x)→ G is faithfully flat.
In [19], Nori showed that ifX is connected and reduced, it possesses a FGS as the
category TorsX,x of pointed pro-finite torsors over X is co-filtered This implies that
Xˆ is the co-filtered limit of this category and moreover, that as a pro-finite group-
scheme, the finite quotients of πN1 (X, x) are finite group-schemes corresponding to
Nori-reduced torsors.
An important construction that we will use throughout this article is the following:
Let t : T → X be a pointed G-torsor with G finite. Let us suppose that the image
of πN1 (X, x) → G is a proper subgroup-scheme H ⊂ G, then there exists a Nori-
reduced pointed H-torsor V → X which is the smallest sub-torsor of T , it is a
closed sub-scheme of T .
From now on, we will assume that X is proper and k is perfect, in this case we
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have a richer description of the FGS in terms of its representations and a certain
family of vector bundles over X .
Definition 1.4. Let F be a vector bundle over X . We say that F is finite if there
exist two different polynomials f, g ∈ Z≥0[x] such that f(F) ∼= g(F) where for a
polynomial p(x) = a0 + a1x+ a2x
2 + · · ·+ anx
n we define
p(F) = O⊕a0X ⊕F
⊕a1 ⊕
(
F⊗2
)⊕a2
⊕ · · · ⊕
(
F⊗n
)⊕an
.
A vector bundle E is essentially finite if it is the kernel of a morphism of bundles
ϕ : F → G where F and G are finite bundles.
Remark 1.5. The definition of essentially finite bundles is due to N. Borne and
A. Vistoli in [6, Def. 7.7]. The more classical definition is that F is essentially
finite if it is Nori-semistable (see the definition below) and it is a “sub-quotient of a
finite bundle”, this means that there exists a finite bundle F and two sub-bundles
V ′ ⊂ V ⊂ F such that E = V/V ′.
We will also need the following family of vector bundles for a later proposition:
Definition 1.6. A vector bundle F over X is Nori-semistable if for any non-
constant morphism f : C → X from a smooth and projective curve C, the pull-back
bundle f∗(F) is semi-stable of degree 0.
Remark 1.7. The definition we outline in this article is not standard, we are using
a definition that allows us to utilize the theory of the S-fundamental group-scheme,
developed first by Biswas, Parameswaran and Subramanian for curves [5], and later
for more general schemes in [13, 14] by A. Langer. The terminology used in those
articles is of “numerically flat” bundles. Another approach for this fundamental
group-scheme that works for a wider class of schemes is outlined in [4, §7]. Both
approaches are stated for algebraically closed fields, Langer’s approach works also
when k is perfect.
Let us denote as EF(X) and NS(X) the categories of essentially finite and Nori-
semistable bundles respectively. If F is finite bundle over X , then for f : C → X
a morphism from a smooth projective curve, we have that f∗(F) is finite and thus
semi-stable of degree 0. As the category of semi-stable bundles of fixed slope is
abelian (see [22, Prop. 9]), we see that the category EF(X) is fully included in the
category NS(X). These categories are both special and are related to group-schemes
in the following way:
Definition 1.8. A neutral tannakian category over a field k, is a category C
that is k-linear, abelian, rigid and a tensor category with End(1) = k, together with
an additive tensor functor ω : C → Vectfk to the category of finitely-dimensional
k-vector spaces, called the fiber functor, that is is exact and faithful.
The quintessential neutral tannakian category is the category Repk(G) of finitely-
dimensional representations of an affine group-scheme G. If G = Spec(A) where
A is a Hopf algebra and V is a finitely-dimensional k-vector space, for a repre-
sentation of G over V we will mean indistinctly a comodule ρ : V → V ⊗k A or
a morphism of group-schemes G → GL(V ) that in the level of functors of points,
corresponds to morphisms of groups G˜(R)→ AutR(V ⊗k R). In this case the fiber
functor ωG that we associate to Repk(G) is the forgetful functor that assigns to a
representation, the underlying vector space V .
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By a well-known result, called Tannakian correspondence, any neutral tannakian
category is equivalent to the category of representations of an affine group-scheme.
Under this correspondence, morphism of group-schemes f : G→ G′ correspond to
tensor functors between tannakian categories F : Repk(G
′) → Repk(G) such that
ωG′ = ωG ◦ F .
The tannakian correspondence pertains to EF(X) and NS(X), and in the next
proposition we will outline the main properties of their corresponding group-schemes
and the properties of them that we will use in this article:
Proposition 1.9. Let X be a reduced, connected and proper scheme over k with
x ∈ X(k). Then, the categories EF(X) and NS(X) are neutral tannakian with
the fiber functor ωx that assigns to a bundle its fiber over x. The group-schemes
associated to EF(X) and NS(X) are πN1 (X, x) and π
S
1 (X, x) respectively and the
following properties hold:
(1) There is a natural faithfully flat morphism of group-schemes πS1 (X, x) →
πN1 (X, x) corresponding from the full inclusion of categories EF(X) →
NS(X).
(2) Any finite quotient πS1 (X, x)→ G factors through π
N
1 (X, x).
The group-scheme πS1 (X, x) is known as the S-fundamental group-scheme.
Proof. For the proof that both EF(X) and NS(X) are tannakian, see [19, Ch. 1]
and [4, Theorem 7.8] respectively. The proofs of (1) and (2) can be found in [13, §6].

Now we can prove the following lemma:
Lemma 1.10. Let f : X → S be a faithfully flat morphism between proper, reduced
and connected k-schemes with f∗(OX) = OS and such that f(x) = s for some
x ∈ X(k) and s ∈ S(k). Let V ∈ Vect(S) be a vector bundle such that f∗(V ) is
essentially finite, then V is essentially finite.
Proof. First we notice that from [13, Lemma 8.1] the induced morphism between
S-fundamental group-schemes πS(f) : πS1 (X, x) → π
S
1 (S, s) is faithfully flat. This
implies that the pull-back functor f∗ : NS(S) → NS(X) is fully faithful and the
essential image of this functor is “closed by sub-objects” (see [7, 2.21 (a)]), which
means that for any W ∈ NS(S) and a sub-object of U ′ ⊂ f∗(W ), there exists a
sub-object U ⊂W such that f∗(U) ∼= U ′.
Now let us prove that V is Nori-semistable. For this purpose, let v : C → S be
a non-constant morphism from a proper and smooth curve, if we take the fibered
product C×SX this is a reduced, proper and connected scheme and we can always
consider a morphism C′ → C ×S X with C
′ a proper and smooth curve that
passes through any pair of arbitrary points using [17, Lemma p.56]. This gives us
a morphism w : C′ → X making the following diagram commutative
C′
c //
w

C
v

X
f
// S
and we can moreover chose the points on the fibered product such that c : C′ → C is
finite, surjective and w : C′ → X is non-constant. Now we have that w∗ (f∗(V )) =
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c∗ (v∗(V )) and as f∗(V ) is essentially finite, the left hand side of the equation is
semi-stable of degree 0, then so is v∗(V ). Thus, V is Nori-semistable.
Finally, to prove that V is essentially finite, it suffices to prove that V is contained in
a tannakian full subcategory of NS(S) associated to a finite group-scheme, as from
[19, Ch. I §2], essentially finite bundles are precisely those that become trivial after
taking pull-backs to finite torsors and any vector bundle contained in a tannakian
full subcategory Repk(G) of coherent sheaves with G affine becomes trivial after
taking the pull-back along a G-torsor T → X associated to the category.
Let 〈f∗(V )〉
⊗
be the full subcategory of NS(X) composed of bundles isomorphic
to a sub-quotient of finite direct sums of copies of f∗(V ). As f∗(V ) is essentially
finite, 〈f∗(V )〉
⊗
is fully contained in a tannakian full subcategory Repk(H) of Nori-
semistable bundles with H finite. Let C be the full subcategory of NS(S) of bundles
whose pull-backs belong to Repk(H), clearly V is an object of C and we have a
restricted functor f∗ : C → Repk(H). From [7, 2.20 (a)], Repk(H)
∼= 〈W 〉
⊗
with W
an essentially finite bundle, and thus we can easily see that f∗ is tensorial, exact,
fully faithful and essentially surjective using the observation of the first paragraph,
thus C and Repk(H) are equivalent and V is essentially finite. 
Remark 1.11. If X is a normal variety, we can characterize essentially finite
bundles as bundles V over X as those that become trivial after taking the pull-
back along a surjective morphism g : Y → X such that g∗(OY ) is coherent, see [25].
In this case, Lemma 1.10 is trivial and we only require that f is proper.
The proof of Lemma 1.10 also yields the following:
Proposition 1.12. Let f : X → S be a morphism between proper, reduced and
connected schemes over k. Let us suppose that the induced morphism πS1 (X, x) →
πS1 (X, x) is faithfully flat for rational points x ∈ X(k) and s ∈ S(k) satisfying
f(x) = s (e.g. assuming the hypotheses of Lemma 1.10), then so is the induced
morphism πN1 (X, x)→ π
N
1 (S, s).
Proof. Let V be an essentially finite bundle over S, we can consider the smallest
tannakian full sub-category Repk(G) of EF(S) containing V , with G finite. If
Repk(H) is the same tannakian full sub-category of EF(X) applied to f
∗(V ), we
see from the proof of Lemma 1.10 that they are equivalent. If we translate this into
group-schemes, we have a commutative square
πS1 (X, x)

// πS1 (S, s)

H // G
where the upper horizontal arrow and both vertical arrows are faithfully flat, and
the lower horizontal arrow is an isomorphism. Then, by Proposition 1.9 (2) we
conclude the proof. 
1.1.1. Examples of known fundamental group-schemes. Here we will state the re-
sults for the known examples of fundamental group-schemes we will use in this
article. Starting with abelian varieties, we have the following:
Proposition 1.13 ([20]). Let S be an abelian variety over a perfect field k. For
n ≥ 1, let S[n] be the kernel of the multiplication morphism mn : S → S, which is
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a Nori-reduced S[n]-torsor. Then
πN1 (S, 0) = lim
←
n
S[n].
Remark 1.14. In [20], Nori showed that if t : T → S is a pointed Nori-reduced
G-torsor over 0, then there exists a unique integer N ≥ 1 an a morphism of torsors
p : S → T such that t ◦ p = mN , and thus we have a faithfully flat morphism
of group schemes S[N ] → G. At the time Nori published this result, the Knneth
formula was not yet established for the FGS but he conjectured the limit formula
for πN1 (S, 0) from this result, assuming the formula. Later, Mehta and Subramanian
showed the Ku¨nneth formula in [15].
The morphism p : S → T implies that T , as the contracted product of an abelian
variety, is an abelian variety itself. When k is algebraically closed, this holds even
if T is not pointed over 0: if T is pointed over s 6= 0, by post-composing t by a
translation, we see that T can be considered to be pointed over 0. Thus, we will
get a morphism of torsors p : S → T over 0 that can be made into a morphism of
torsors over s again by composing with another translation afterwards.
Now let us consider the other family of schemes with known FGS that we will
use:
Definition 1.15 (Definition 3.2 §IV.3 [12]). Let X be a variety over k, we will
not assume X is proper. We say for that X is rationally connected (resp.
rationally chain connected), if there exist a proper and flat family of curves
C → Y where Y is a variety, whose geometric fibers are proper smooth irreducible
rational curves (resp. connected curves with smooth irreducible components that
rational curves), such that there exists a morphism u : C → X , making u(2) :
C ×Y C → X ×k X dominant.
Moreover, if X is rationally connected (resp. rationally chain connected) and u(2)
is smooth at the generic point, we say that X is separably rationally connected
(resp. rationally chain connected).
Remark 1.16. If char(k) = 0, by generic smoothness, a rationally connected
(resp. rationally chain connected) variety is also separably rationally connected
(resp. separably rationally chain connected), thus these notions coincide. In posi-
tive characteristic, there are examples of rationally connected varieties that are not
separably rationally connected, see [12, Ch. V 5.19].
In terms of the FGS, we have the following result:
Proposition 1.17. Let X be a proper and normal variety over an algebraically
closed field k. If X is rationally chain connected, then πN1 (X) is finite.
If in addition, X is separably rationally connected and smooth, then its FGS is
trivial.
Proof. For the first assertion, see [2]. The second one can be found in [3]. 
1.2. Global sections of essentially finite bundles. Let X be a proper, reduced
and connected scheme of finite type over a perfect field k with x ∈ X(k). We will
describe the relationship between global sections of essentially finite bundles and
their properties. We start with the following definition:
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Definition 1.18. Let Y be a finite scheme over k. This implies that Y = Spec(A)
is affine where A is a k-algebra that is finitely dimensional as a k-vector space. In
this case we define the order of Y as ord(Y ) := dimk(A).
Let V be an essentially finite bundle over X , we recall the following result of L.
Zhang:
Lemma 1.19 (Lemma 2.2 [26]). The natural morphism Γ(X,V ) ⊗k OX → V is
an embedding that makes Γ(X,V )⊗OX the maximal trivial sub-bundle of V .
Remark 1.20. An immediate consequence of the lemma is that an essentially finite
bundle V of rank r is trivial if and only if dimk(Γ(X,V )) = r. Also we have in
general that 0 ≤ dimk(Γ(X,V )) ≤ r.
Now let t : T → X be a G-torsor with G finite. In this case VT := t∗(OT )
is a finite bundle over X satisfying VT ⊗ VT ∼= V
⊕n
T where n = ord(G). It is a
well-known fact that T is Nori-reduced if and only if Γ(X,VT ) = k ([19, II Prop.
3]).
Excluding the trivial and Nori-reduced cases, we can characterize the global sections
of VT . But first, we need some terminology: Let H be the image of π
N
1 (X, x)→ G,
it is a proper subgroup-scheme of G. If G = Spec(A) where A is a Hopf algebra
over k, we will write H = Spec(A/I) where I is a Hopf ideal. Let ρG : A→ A⊗A
be the regular representation of G, we must point out that it is not only a k-linear
morphism but also a k-algebra morphism. If we restrict this representation using the
projection A→ A/I, we obtain the representation τ : A→ A⊗A/I corresponding
to the action coming from restricting the multiplication morphism m : G×kG→ G
of G to H on one coordinate. The categorical quotient of this latter action is a finite
scheme G/H which corresponds to the sub-algebra AH := {a ∈ A : τ(a) = a⊗ 1¯}
of elements that are trivially acted upon, it is the maximal sub-space of A on which
the τ acts trivially. If H is normal, then G/H is moreover a group-scheme.
Corollary 1.21. Let t : T → X be a G-torsor with G finite that is neither Nori-
reduced nor trivial. Then, we have that dimk(Γ(X,VT )) = ord(G/H).
Proof. Let FG : Repk(G)→ Repk(π
N
1 (X, x)) be the functor coming from the mor-
phism of group-schemes πN1 (X, x) → G, it corresponds in terms of essentially fi-
nite bundles to the functor W 7→ (W ⊗k VT )
G
for W ∈ Repk(G). From this
we see that VT is the image of ρG via this functor, but from the factorization
Repk(G) → Repk(H)→ Repk(π
N
1 (X, x)) we see that τ ∈ Repk(H) maps to VT as
well.
Now let U ⊂ VT be the maximal trivial sub-bundle, as π
N
1 (X, x)→ H is faithfully
flat, using [7, 2.21 (a)] we can find a trivial sub-representation of τ whose image in
Repk(π
N
1 (X, x)) is isomorphic to U . We can easily see that this the maximal sub-
representation of τ with a trivial action and thus it corresponds to AH , finishing
the proof. 
Remark 1.22. Let t′ : T/H → X be the canonical morphism from the quotient
of T by the restricted H-action. Then we can easily see that (t′)∗ (OT/H ) is a
sub-bundle of VT that corresponds to the sub-representation A
H ⊂ A of H . We
will expand this further in Subsection 3.1.2.
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1.3. Tower of Torsors and the FGS of a Nori-reduced torsor. In this sec-
tion, we will outline all the recent results developed in [1] that we will use in this
paper. The general context of this article is to show the existence of “Galois clo-
sures” for a broader family of covers, containing the e´tale covers, over schemes,
and more generally, over algebraic stacks over a field. Although the general results
are stated for algebraic stacks and the “fundamental gerbe”, a generalization of
the fundamental group-scheme for fibered categories developed by N. Borne and A.
Vistoli in [6], we will only use them in the context of k-schemes of finite type.
More specifically, we will work over a perfect field k, and all schemes considered
will be of finite type, proper, reduced and connected with a rational point. To
contextualize the hypotheses of the results we will state in this section, with those
used in [1] for the theory of the fundamental gerbe, “inflexible” means having a
FGS and proper implies the “pseudo-proper” property, though it is not equivalent.
The general notion of cover is the following:
Definition 1.23. Let X be a k-scheme. An essentially finite cover is a k-scheme
Y together with finite and faithfully flat morphism f : Y → X such that f∗(OY )
is an essentially finite bundle over X . If x ∈ X(k) and there is y ∈ Y (k) such that
f(y) = x we will say in addition that the essentially finite cover is pointed
Examples of essentially finite covers include e´tale covers, G-torsors T → X
with G finite and their quotients by the restricted action over any subgroup-scheme
T/H → X where H ⊂ G. We will not directly use Galois closure of towers. For a
definition and properties of Galois closures, see [1, Theorem II].
The first result we will use is the following:
Proposition 1.24 (Corollary I [1]). Let X be a connected, reduced and proper
k-scheme of finite type that possesses a FGS with x ∈ X(k). Then a pointed and
finite G-torsor T → X possesses a FGS if and only if it is Nori-reduced and in that
case, for t ∈ T (k) over x, we have an exact sequence
1→ πN1 (T, t)→ π
N
1 (X, x)→ G→ 1.
For the second result we that need, we introduce the following definition:
Definition 1.25 (Definition 3.8 [1]). Let X be a scheme over a field k and let
Z → Y → X be a tower of finite pointed torsors. This means that Z → Y
and Y → X are finite pointed torsors. If G and H are the finite group-schemes
associated to Z → Y and Y → X respectively, we say that a K-torsor U → X is
an envelope of or that it envelops the tower Z → Y → X if we have morphisms
of group-schemes α : K → G and β : ker(α)→ H , and a morphism U → Z making
the following diagram commutative
(1) U
  ❅
❅❅
❅❅
❅❅
❅
⑦⑦
⑦⑦
⑦⑦
⑦⑦

Z // Y // X
so that we have a morphism of torsors U → Y over T intertwining the respective
group-scheme actions via α, and a morphism of schemes U → Z over W that
intertwines the corresponding actions via β. An envelope is Nori-reduced if U →
X is Nori-reduced.
Finally, if an envelope U is minimal in the sense that every other envelope U ′
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possesses a canonical arrow U ′ → U that is a morphism of torsors over X , we
say that U is the closure of the tower Z → Y → X . Closures are unique up to
isomorphism.
Now we can state the second result:
Proposition 1.26 (Theorem III [1]). Let X be a connected, reduced and proper
k-scheme of finite type that possesses a FGS with x ∈ X(k). Then any tower of
torsors over X possesses a Nori-reduced closure. Moreover, if Z → Y → X is a
tower of torsors over X and U → X is its closure, we have that the morphism
U → Z is faithfully flat if and only if both members of the tower are Nori-reduced
over its respective bases, or they both posses a FGS in an equivalent fashion, and
in that case U is a Nori-reduced torsor over Z and Y .
Remark 1.27. For a k-scheme X satisfying the hypotheses of Proposition 1.26,
the composition Z → X is an essentially finite cover and the closure of any tower
coincides with the Galois closure of this cover, see [1, Theorem 3.10] for this result.
Remark 1.28. Using Proposition 1.26, we can see that the universal torsor of a
Nori-reduced torsor T → X is Xˆ , the universal torsor of X .
2. FGS of pro-NR torsors
2.1. Notation for projective limits of torsors. In this chapter and later, we
will work with projective limits of torsors over a k-scheme X , for the moment k
will be a general field.
We will fix notation for this first: if {Ti}i∈I is an inverse limit of finite torsors
Ti → X over a partially ordered set I. The limit of this system will be denoted by
T := lim
←
Ti. We will also consider the associated inverse system of group-schemes
{Gi}i∈I , being Gi the group-scheme associated to Ti.
Finally, for the pointed case, if x ∈ X(k), the points ti and t will denote respectively
a rational point over Ti and T (i ∈ I), clearly t is the inverse limit of the system
formed by the ti. When needed, we may add an index 0 to the set I such that
T0 := X and t0 := x.
2.2. Pro-NR torsors. We are interested in a particular type of limit of torsors:
Definition 2.1. Let {Ti}i∈I be a co-filtered family of finite pointed Nori-reduced
torsors over a k-scheme X . We will call its projective limit T := lim
←
Ti a pro-NR
torsor. In the case we have compatible rational points over any member of the
limit, according to our notation, we will say that this pro-NR torsor is pointed.
We want to show that if X is of finite type, proper, reduced and connected, any
pro-NR torsor possesses a FGS with the same property in terms of its FGS as in
the case of Nori-reduced torsors (Proposition 1.24). For this, we need a lemma that
allows us to handle torsors over the limit scheme T .
Lemma 2.2. Let T := lim
←
Ti be a projective limit of finite torsors over a scheme
X quasi-compact and quasi-separated over a field k. Let V,W → T be two finite
torsors over T , where G and H are their corresponding group-schemes respectively.
Then:
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(1) There exist an index i ∈ I and a finite G-torsor Vi → Ti such that the
following diagram is cartesian
V

// Vi

T // Ti
.
In addition, if V is Nori-reduced, then so is Vi.
(2) If φ : V →W is a morphism of torsors over T , there exists an index i such
that Vi and Wi are torsors over Ti with a morphism of torsors φi : Vi →Wi
over Ti such that φ is the pull-back of φi over T . In that case, φ is a
isomorphism if and only if for an index j ≥ i the pull-back of φi to Tj is
an isomorphism.
We recall that a morphism of schemes g : X → S is quasi-compact if the
inverse image of every affine open of S is quasi-compact and we say that X is
quasi-separated over S if the diagonal morphism ∆X/S : X → X ×S X is quasi-
compact.
Proof. The proof mainly relies on [9, §8.8] where basic properties of schemes (locally
of finite type) over a projective limit of schemes with affine transition maps, and
morphisms between those are stated.
For part (1), if we apply [9, 8.8.2 (ii)] to V , which is fppf over T , there exists an
index i ∈ I and a fppf scheme Vi over Ti such that V ∼= Vi ×Ti T , moreover by
taking a greater index if necessary the morphism Vi → Ti is finite [9, 8.5.5]. Vi
is not necessarily a torsor over Ti, but this construction is functorial, up to the
choice of a bigger index, over V and commutes with fibered products by [9, 8.8.2
(i)] (see [9, §8.8.3] for more details). This means that if we take the projective
system {Gi}i∈I and apply [9, 8.8.2.5] over the fact that there is an isomorphism
V ×T GT ∼= V ×T V means that there exists a big enough index i such that we have
an isomorphism Vi×Ti Gi
∼= Vi×Ti Vi, making Vi → Ti a G-torsor. It is easy to see
that Vi is Nori-reduced if V is.
For part (2), we first chose two indexes i and j such that V descends to Vi over Ti
and W so does to Wj over Tj . We can assume i ≤ j as we can take another bigger
index to both i and j, in that case we can take Vj = Vi×Ti Tj . Both schemes satisfy
the hypotheses of The´ore`me 8.8.2 (i) of [9] and thus we have a bijection between
T -morphisms between V and W and the directed limit of the sets HomTl(Vl,Wl)
where l ≥ j and Vl = Vk ×Tj Tl and Wl = Wk ×Tj Tl. This means that φ can be
seen as a directed system of morphisms φl : Vl → Wl and by picking a possibly
bigger index we can assume that it is compatible with the actions of the respective
group-schemes, as we can apply loc. cit. to get a bijection for HomT (GT , HT ) and
HomT (GT ×T V,HT ×T W ) and its corresponding directed system of Hom-sets for
each respective Hom-set. This bijection allows us to conclude that the commutative
diagram
GT × V

// HT ×W

V // W
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that compatibilizes the actions descends to a diagram that makes the actions com-
patible on a certain index, bigger that j, which means that we have a morphism of
torsors over Tj. Finally, the isomorphism part of the second statement comes from
[9, 8.8.2.5]. 
We remark that the results of [9] for projective limits of schemes, imply that
a pro-NR torsors do not have non-trivial sub-torsors, making them Nori-reduced
(Defintion 1.2).
The main result of this section is the following, now k will be a perfect field for the
rest of this chapter:
Proposition 2.3. Let X be a reduced and proper scheme of finite type over a field
k with a rational point x ∈ X(k). Let {Ti}i∈I be a projective system of pointed
Nori-reduced torsors and T its projective limit with t ∈ T (k) over x.
Then T possesses a FGS, as it has the same universal torsor as X, and we have
πN1 (T, t) = ker{π
N
1 (X, x)→ lim
←
Gi} where Gi is the finite group-scheme associated
with to Ti.
To show this, we need an extension of Proposition 1.26
Lemma 2.4. Let X be a proper, reduced and connected scheme of finite type over
a field k with a rational point x ∈ X(k) and let T be a pro-NR torsor with t ∈ T (k)
over x. Then, if W → V → T is a tower of finite pointed torsors, there exists a
Nori-reduced closure U → T of the tower that mimics the properties of the closure
of a tower of finite torsors over X, outlined in Definition 1.25.
Proof. Let us start with the existence of an envelope for the tower: LetW → V → T
be a tower of torsors. Applying Lemma 2.2 to V to obtain a cartesian square
V

// Vi

T // Ti
where i ∈ I and Vi → Ti is a torsor. Applying [9, 8.8.2 (ii)] to the composition
W → V → T we also get the following diagram in which all possible squares are
cartesian:
W //

Wi

V

// Vi

T // Ti
but it is not necessarily clear if Wi → Vi is a torsor. This is indeed the case (over a
possibly larger index) as we can consider the projective system {Vj}j≥i with base
Vi and projective limit V (see [9, 8.2.5]) and apply Lemma 2.2 for W → V .
Now we can utilize Proposition 1.26 over the tower of finite pointed torsors Wi →
Vi → Ti as all schemes are of finite type and Ti possesses a FGS (Proposition 1.24),
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and thus we obtain a closure Ui of this tower, giving us the commutative diagram
W //

Wi

V

// Vi

Ui
``❆❆❆❆❆❆❆❆
oo
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
T // Ti
and if we denote by U the pull-back of Ui to T , we obtain the following diagram
W //

Wi

U
??⑦⑦⑦⑦⑦⑦⑦⑦
//
❅
❅❅
❅❅
❅❅
❅ V

// Vi

Ui
``❆❆❆❆❆❆❆❆
oo
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
T // Ti
where we see that the left-hand side of the diagram shows the existence of a torsor
that envelopes the tower W → V → T as Ui satisfies the properties that we require
for an envelope of a tower of torsors, but U might not be a minimal torsor that
envelops the tower. This process shows how to obtain an envelope for the tower
W → V → T from the closure of a tower of torsors over the finite torsor Ti → X .
Now let us assume that both W → V and V → T are Nori-reduced and let us show
the existence of a closure in this case. First, we notice that as Ui is the closure of
a tower of Nori-reduced torsor, we have that Ui → Ti is Nori-reduced but its pull-
back U → T might not be. At least, both arrows U → V and U → W are torsors
and then, if we take the maximal Nori-reduced sub-torsor U¯ →֒ U , we obtain a
Nori-reduced envelope that additionally is a torsor overW , so we can suppose from
now on that U satisfies these properties.
The existence of a unique Nori-reduced closure in the case both torsors in the
tower W → V → T are Nori-reduced comes from applying Zorn’s lemma to the
(non-empty) set of isomorphism classes of Nori-reduced envelopes of this tower,
i.e., we are considering the skeletal sub-category of the category of envelopes with
morphisms of torsors as arrows. We will abuse notation when considering classes
and individual torsors.
We consider over the classes, the partial ordering U ≤ U ′ iff there exists a morphism
of torsors U → U ′ of over T , which holds as we have the following properties:
i) Every chain of Nori-reduced envelopes has at most a finite amount of mem-
bers.
ii) The poset of Nori-reduced envelopes is directed.
For i), if U ≤ U ′, let G be the group-scheme associated to U → T . Then, as
both torsors are Nori-reduced over T , U ′ is of the form U/N where N is a normal
subgroup of G. As there is only a finite amount of quotients of G, there is a finite
amount of envelopes greater than U .
To prove ii), let U,U ′ be two Nori-reduced envelopes of the tower W → V → T
and let l ∈ I be an index such that both torsors U and U ′ descend to torsors Ul
and U ′l respectively, this is possible as I is directed. In that case, these torsors
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envelop the tower Wl → Vl → Tl that descends from the tower over T and thus
if Zl is the closure of this tower, we have morphisms of torsors Uk, U
′
k → Z which
are quotients in this case. This implies that the pull-back Z of Zk over T is a
Nori-reduced common quotient of U and U ′ that envelops the tower W → V → T ,
showing that the poset of Nori-reduced envelopes of this tower is directed.
For the general case, we first note that as long as V → T is Nori-reduced, we
will have a closure for the tower even if W → V is not Nori-reduced from the
last paragraph, but of course, this closure might not longer be a torsor over W .
This ties into the general case, because if V → T is no longer Nori-reduced, any
Nori-reduced envelope U of the tower goes faithfully flat over V¯ ⊂ V , the canonical
Nori-reduced sub-torsor of V , and then, if U envelopes W → V → T then it will
envelope the tower W ×V V¯ → V¯ → T , such that we have a commutative diagram
W ×V V¯

// W

U
;;✇✇✇✇✇✇✇✇✇✇
//
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚ V¯ //
$$■
■■
■■
■■
■■
■ V

T
and then we conclude that we have a closure for the initial given tower in this case
as well, finishing the proof. 
Proof of Proposition 2.3. Let Xˆ be the universal torsor of X and let Y be a finite
Nori-reduced pointed torsor over T , applying Lemma 2.2, there exist an index i
and a pointed torsor Yi → Ti making a cartesian diagram
Y

// Yi

T // Ti
.
As Ti is Nori-reduced, from Proposition 1.24, Xˆ is also the universal torsor of Ti
and thus we have an arrow Xˆ → Yi. Combining this arrow with the canonical
arrow Xˆ → T we obtain an arrow Xˆ → Y ∼= Yi ×Ti T and thus we conclude that
all Nori-reduced torsors over T are a quotient of Xˆ, this means that T possesses
a universal pointed torsor Tˆ and we have a natural morphism of torsors over T ,
Xˆ → Tˆ .
To get an isomorphism, it suffices to prove that Tˆ has a trivial fundamental group-
scheme: Let Z → Tˆ be a finite Nori-reduced torsor over Tˆ , applying Lemma 2.2
over T , which is quasi-compact and quasi-separated over k because T is affine over
k, there exist a finite Nori-reduced torsor V → T and a finite Nori-reduced torsor
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W → V fitting into a commutative diagram where all possible squares are cartesian:
Z //

W

Tˆ
❅
❅❅
❅❅
❅❅
❅
// V

T
.
From Lemma 2.4, there exists a Nori-reduced closure U → T of the tower W →
V → T , and thus we have a canonical arrow Tˆ → U which composed with the
arrow U → W gives a section Tˆ → Z = W ×V Tˆ , making Z a trivial torsor and
finishing the proof. 
A particular case of the fact that the universal torsor Tˆ does not possess non-
trivial finite Nori-reduced torsors coming from the proof Proposition 2.3 is the
following:
Corollary 2.5. Let X be a proper, reduced and connected scheme of finite type
over a field k with a rational point x ∈ X(k). Then, if Xˆ is the universal torsor of
X, all finite Nori-reduced torsors over Xˆ are trivial.
Proof. If Z → Xˆ is a finite Nori-reduced torsor, we can apply Lemma 2.2 to a
commutative diagram
Z //

W

Xˆ
  ❅
❅❅
❅❅
❅❅
❅
// V

X
where W → V → X is a tower of torsors. From here, using closure of towers
directly we can argue analogously as we did in the proof of Proposition 2.3 to
obtain a section X¯ → Z. 
From Proposition 2.3, we get the following short exact sequence for a pro-NR
torsor
(2) 1→ πN1 (T, t)→ π
N
1 (X, x)→ lim
←
Gi → 1
for suitable rational points. Also, from Corollary 2.5, the universal torsor Xˆ of X
has a trivial FGS.
3. Pull-back of torsors to the geometric generic fiber
We start by introducing some terminology:
Definition 3.1. Let T be a G-torsor over X . T is a pull-back torsor if there
exists a torsor S′ → S such that its pull-back along f , S′ ×S X → X is T , trivial
torsors are considered pull-back torsors.
We say that a non-trivial torsor T is pure with respect to S if T and none of its
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non-trivial quotients is the pull-back of a torsor over S.
A torsor which is neither a pull-back nor a pure torsor is called a mixed torsor.
The purpose of this chapter, is to prove that for a morphism of proper reduced
and connected k-schemes f : X → S with S integral and k algebraically closed, the
pull-back Tη¯ → Xη¯ of a pure and Nori-reduced G-torsor T → X is Nori-reduced
over the geometric generic fiber, where η is the generic point of S. For this, we
need two technical results involving finite group-schemes that we will outline in the
next two subsections.
3.1. Some group-scheme results. We recall that for a scheme X of finite type
over k, X˜ : Alg0k → Set will denote its functor of points.
3.1.1. Well-corresponded subgroup-schemes. This section is mostly independent from
the rest, we will consider an extension k ⊂ L of algebraically closed fields. For a
finite group-scheme G, we will denote GL its base change to L. All algebras con-
sidered will be finite over their respective base field.
Definition 3.2. Let G be a finite k-group-scheme and GL its base change to L.
We say that a subgroup-scheme H ⊂ GL is well-corresponded if there exists a
subgroup-scheme H ′ ⊂ G such that H ′L
∼= H .
Remark 3.3. If H is well-corresponded, there is a unique subgroup-scheme of up
to isomorphisms of G whose base change to L is H .
To prove that all subgroup-schemes of a finite group-schemeG are well-corresponded,
we will use the local-e´tale exact sequence
1→ G0 → G→ Ge´t → 1
which is split in our case as k is perfect, this means that we actually have an
isomorphism G ∼= G0 ⋊ Ge´t coming from the retraction Gred ∼= G
e´t. The exact
sequence and the splitting commute with extensions of the base field (see [16, Prop.
2.37]), in particular
(
G0
)
L
= G0L and
(
Ge´t
)
L
= Ge´tL with GL
∼= G0L ⋊ G
e´t
L . This
exact sequence is unique in the sense that, if we have another short exact sequence
1→ N → G→ G/N → 1
with N local and G/N e´tale, we have isomorphisms N ∼= G0 and G/N ∼= Ge´t that
carry one exact sequence to the other.
As e´tale and local group-schemes are the building blocks of the exact sequence,
we will prove well-correspondence for subgroup-schemes of e´tale and local group-
schemes separately.
Proposition 3.4. Let G be a finite group-scheme.
• If G is e´tale, all subgroup-schemes of GL are well-corresponded.
• If G is local, all subgroup-schemes of GL are well-corresponded.
Proof. We start with the e´tale case, if G is e´tale, as k and L are algebraically closed,
G is a constant group-scheme associated to an abstract group Γ. In particular
G = Spec(kΓ) where kΓ is the Hopf k-algebra spanned by the elements (eg)g∈Γ
where eg : Γ→ k is the map defined as eg(h) = δgh with coalgebra operations
∆(eg) =
∑
hj=g eh ⊗ ej
ǫ(eg) = δeg
S(eg) = eg−1
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where δ is the Kronecker delta, e ∈ Γ is the unit element and ∆, ǫ and S are the
comultiplication, counit and antipode morphisms respectively. We can easily see
that GL has the same Hopf algebra except that we use L instead of k. From that
fact we see that the coalgebra formulas remain unchanged after base change to L.
As subgroup-schemes of G in this case are constant group-schemes associated with
subgroups of Γ, we conclude the proposition in this case.
For the local case, as k and L are perfect, from the structure theorem for finite
local group-schemes [16, Theorem 11.29], if we write G = Spec(A), we have that
(3) A ∼= k[x1, x2, · · · , xn]/(x
pr1
1 , · · · , x
prn
n )
for some integers ri ≥ 1. If we take the base change AL = A ×k L, as a Hopf
algebra, it has formulas for its coalgebra structure with coefficients over k.
Now let HL be a subgroup-scheme of GL, we see immediately that HL is connected
because GL is topologically a point. In that case, if HL = Spec(BL), we know
that BL is a quotient of AL, which has the same coalgebra formulas as AL, with
coefficients over k, but it may have a different presentation with polynomials with
coefficients over L\k.
We claim that in fact if B is the Hopf algebra corresponding to a subgroup-scheme
H of G = Spec(A), we have
B ∼= k[x1, x2, · · · , xn]/(x
ps1
1 , · · · , x
psn
n )
with 0 ≤ si ≤ ri for all 1 ≤ i ≤ n which implies the proposition in the local case.
For this, we first recall that if F r : G → G(p
r) is the r-th iteration of the relative
Frobenius morphism, its image corresponds to the inclusion Ap
r
→ A, this is a
sub-Hopf algebra of A. We say that G has height ≤ r for r ≥ 1 if F r has a trivial
image, and we say that G has height r if it is of height ≤ r but not of height ≤ r−1.
Finite local group-schemes over k are precisely the algebraic group-schemes of finite
height. Let I be the augmentation ideal of A, i.e. the kernel of the counit map
ǫ : A→ k, if G has height ≤ r, then xp
r
= 0 for all x ∈ I.
We will proceed with the proof of the claim by induction on the height of G. If G
has height one, we have a special case of equation 3:
A ∼= k[x1, x2, · · · , xn]/(x
p
1, · · · , x
p
n)
where the elements xi ∈ I (1 ≤ i ≤ n) map to a base of the k-vector space
I/I2 [16, Proposition 11.28]. If B is a Hopf algebra quotient of A, and I ′ is its
augmentation ideal, we have a surjection I/I2 → I ′/ (I ′)
2
. Then, the claim holds
for H = Spec(B) as it also has height one and we can identify those xi that do not
map to zero with their classes in I ′ using the quotient morphism A→ B.
For the general case, from the proof of [16, Theorem 11.29], we can be more specific
with the presentation of A: we can write it as
(4) A ∼= k[y1, y2, · · · , ym, z1, · · · , zk]/(y
pu1+1
1 , · · · , y
pum+1
m , z
p
1 , · · · z
p
k)
where the elements yi ∈ I (1 ≤ i ≤ m) come from the presentation of A
p
Ap ∼= k[t1, t2, · · · , tm]/(t
pu1
1 , · · · , t
pum
m )
where ypi = ti, and the elements zj ∈ I (1 ≤ j ≤ k) are such that their classes z¯i
in the k-vector space I/I2 form a maximal subset such that each zpi = 0 and the
set {z¯1, · · · , z¯k} is linearly independent. One key part in the proof is that the set
{y¯i, z¯j}i,j is a basis for I/I
2, in particular, the complement of the vector subspace
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spanned by the y¯i is the subspace spanned by the z¯j .
Now let B be a Hopf algebra which is a quotient of A, and let J be the Hopf
ideal of A such that B = A/J . If I ′ is the augmentation ideal of B, we have then
a surjective morphism T : I/I2 → I ′/ (I ′)
2
. As the quotient morphism A → B
maps Ap onto Bp and Ap has one fewer height than that of A, using the induction
hypothesis, we see that the claim holds for Bp and thus we have
Bp ∼= k[t1, t2, · · · , tm]/(t
pv1
1 , · · · , t
pvm
m )
with 0 ≤ vi ≤ ui. If we discard the elements with vi = 0 we see that T maps
〈y¯1, · · · , y¯m〉 to the subspace V of I
′ spanned by the images of the elements yi
with vi 6= 0. On the other hand, if vi = 0 this means that y
p
i ∈ J and then these
elements, together with the zj, map to elements of I
′ with zero p-th power, which
is the complement of V .
Finally, if we suppose that for all 1 ≤ i ≤ l we have vi 6= 0 while vi = 0 for
l < i ≤ m, as long a none of the elements forming the base of I/I2 belong to J , we
will have that
B ∼= k[y1, y2, · · · , ym, z1, · · · , zk]/(y
pv1+1
1 , · · · , y
pvl+1
l , y
p
l+1, · · · , y
p
m, z
p
1 , · · · z
p
k).
Otherwise, the corresponding exponent will be 0 for each element of the base be-
longing to J finishing the proof. 
Before the proof of the general result for finite group-schemes, we introduce the
group-schematic version of the normalizer:
Definition 3.5. Let G be an algebraic group-scheme over k and let H,N be
subgroup-schemes of G. We say that N normalizes H if for any k-algebra R the
group N˜(R) normalizes H˜(R), this just means that N˜(R)H˜(R)N˜(R)−1 = H˜(R)
for all R.
The normalizer of H in G is the subgroup-scheme NG(H) of G corresponding to
the functor
NG(R) = {g ∈ G˜(R) : gSH˜(S)g
−1
S = H˜(S) for all R-algebras S ∈ Alg
0
k}
where for a R-algebra R→ S, gS denotes the image of g by the induced morphism.
Remark 3.6. The functor defining the normalizer is representable [16, Prop. 1.83],
hence NG(N) is an actual subgroup-scheme of G. It is easy to see that NG(H)
normalizes H .
In fact, directly from the definition, we conclude that a subgroup-scheme N of G
normalizes H if and only if N ⊂ NG(H) and hence the normalizer is the biggest
subgroup-scheme of G that normalizes H . In particular, a subgroup-scheme H is
normal in G if and only if G = NG(H).
Finally, it is important to remark that the formation of normalizers commutes with
extension of the base field, this means that for an extension k ⊂ L, (NG(H))L =
NGL(HL).
Proposition 3.7. Let G be a finite group-scheme over the algebraically closed field
k and let L be an algebraically closed extension of k. Then any subgroup-scheme of
GL is well-corresponded.
Proof. First we recall that in the local-e´tale exact sequence
1→ G0 → G→ Ge´t → 1
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the group-schemesG0 andGe´t are universal in the sense that any morphismG′ → G
with G′ local factors through G0, and analogously, any morphism G→ G′ with G′
e´tale factors through Ge´t.
From this we can easily show that for a subgroup-scheme G′ ⊂ G we have the
following diagram
1 // (G′)0 //

G′ //

(G′)
e´t //

1
1 // G0 // G // Ge´t // 1
with exact rows, commutative squares, and each vertical arrow is an inclusion of
subgroup-schemes.
Now we consider a subgroup-scheme HL of GL, from the fact that the local-e´tale
connected sequence commutes with extension of base fields and from Proposition
3.4, we see that there exist two subgroup-schemes H ′ ⊂ G0 and H ′′ ⊂ Ge´t such
that (H ′)L = (HL)
0 and (H ′′)L = (HL)
e´t. As L is perfect, we also have that
HL ∼= (HL)
0
⋊ M where M ⊂ (GL)red is the restriction to H
e´t of the retract
iL : (GL)red
∼
→ Ge´tL which is the same as Hred.
As (GL)red is e´tale, we have an e´tale subgroup-scheme J ⊂ Gred with JL =M as the
latter subgroup-scheme is well corresponded, because the isomorphism iL descends
to the retraction i : Gred
∼
→ Ge´t, J is isomorphic to H ′′ via this retraction.
We claim that we can form the subgroup-scheme H ′⋊J and its base change to L is
HL. The base change part comes from the fact that HL = H
0
L⋊M and thus we only
need to prove that H ′ ∩ J is trivial, and that J normalizes H ′. The intersection is
trivial because J∩H ′ ⊂ Gred∩G
0 = 1 and J normalizesH ′ because asM normalizes
H0L, we have an inclusion M ⊂ NGL(H
0). But the formation of a normalizer
commutes with extensions of the base field, and thus (NG(H
′))L = NGL(H
0) which
implies that J ⊂ NG(H
′), finishing the proof. 
Now we will apply this result to the following: Let f : X → S be the a morphism
of proper reduced and connected k-schemes, with k algebraically closed, we consider
L = κ(η) where η is the generic point of S, and we will also consider η¯ the geometric
generic point of S. Then for a pointed G-torsor T → X we can consider its pull-
back to the geometric generic fiber Tη¯ → Xη¯ which is a pointed GL-torsor. We
then have morphisms over k and L resp. πN1 (X)→ G and π
N
1 (Xη¯)→ Gη¯ and as a
consequence of Proposition 3.7, we have the following:
Corollary 3.8. Let f : X → S be the a morphism of proper reduced and connected
k-schemes, with k algebraically closed. Let T → X be a pointed G-torsor and
let Tη¯ → Xη¯ be its pull-back to the geometric generic fiber. Then, there exists a
one-to-one correspondence between quotients of T and quotients of Tη¯
Proof. Let L be the residue field of the geometric point η¯. Quotients of T (resp.
Tη¯) are in one-to-one correspondence with quotients of G (resp. GL) and these
are in one-to-one correspondence with subgroup-schemes of G (resp. GL). We
know that subgroup-schemes of GL are well-corresponded by Proposition 3.7, and
additionally, if H is a normal subgroup-scheme of G, the fact that H is normal if
and only if NG(H) = G and the formation of normalizer commutes with extensions
of the base field implies that the descent of a normal subgroup-scheme of GL is
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normal in G.
If H is not normal, both quotients G/H and GL/HL exists and likewise for the
quotient schemes T/H and Tη¯/HL as H is well-corresponded with HL. By looking
for example, at the underlying algebras defining the group-scheme quotients and
the associated essentially finite bundles/covers (see Definition 3.9 and Remark 3.10
below), we can conclude the result in this case as well. 
From these results, we will abuse notation on the rest of this article and omit
the subscript alluding to the field for finite group-schemes unless it is needed for
clarity.
3.1.2. Core of a subgroup-scheme. Let k be a perfect field. We start with a defini-
tion:
Definition 3.9. Let t : T → X be a G-torsor with G finite, if H ⊂ G is a
non-normal subgroup-scheme of G, we will call the quotients by the restricted
multiplication action weak quotients. It is a scheme G/H with a faithfully flat
arrow G→ G/H .
In the case of a torsor t : T → X , we will call the quotient by the restricted H-
action a weak quotient when H is no normal. It is a scheme T/H with a finite
and faithfully flat morphism t′ : T/H → X , we have also a faithfully flat morphism
q : T → T/H .
Remark 3.10. Both arrows G→ G/H and T → T/H are H-torsors. In the case
of group-schemes the quotient G/H is a well-defined scheme, its functor of points
G˜/H is the fppf (actually fpqc) sheafification of the pre-sheaf R 7→ G˜(R)/H˜(R)
over the category of affine k-schemes of finite type with the fppf topology, for more
details see [21] and [16, §5 c.], the second reference is valid for any quotient of
group-schemes of finite type. The quotient of group-schemes possesses a natural
left G-action G ×k G/H → G/H that comes from the left action of G˜ over G˜/H˜
by multiplication on the left.
In the particular case of finite group-schemes, if G = Spec(A) where A is a Hopf-
algebra over k, then G/H = Spec(AH) as stated in Section 1.2. The morphism
t′ : T/H → X is an essentially finite cover such that we have an inclusion of bundles
(t′)∗ (OT/H) ⊂ t∗(OT ) which corresponds to the inclusion of algebras A
H →֒ A as
elements of RepG under tannakian correspondence.
Now we will introduce a group-theoretic notion:
Definition 3.11. Let Γ be an abstract group and let J ⊂ Γ be a subgroup. The
core of J is the subgroup of Γ defined as
CoreΓ(J) =
⋂
g∈Γ
gJg−1.
We can further characterize this group.
Proposition 3.12. Let Γ be an abstract group and let J ⊂ Γ be a subgroup. Then,
CoreΓ(J) is the biggest normal subgroup of Γ contained in J , and if we consider
n = [Γ : J ] the index of J , the core is also the kernel of the morphism Γ → Sn
associated to the action µ : Γ× Γ/J → Γ/J of left multiplication by Γ over the set
of right J-cosets, where Sn is the symmetric group on n elements. In particular,
the core of J is trivial if and only if the action mentioned above is faithful.
FUNDAMENTAL GROUP-SCHEME OF SOME RATIONALLY CONNECTED FIBRATIONS 23
We leave the proof of this proposition to the reader.
We are going to construct an analogous notion of core at least for finite group-
schemes that satisfies the same properties of the core of abstract subgroups. From
now on, k will be any field up to end of this subsection.
Definition 3.13. Let G be a finite group-scheme and H ⊂ G a subgroup-scheme.
As we mentioned in Remark 3.10, AH is the k-algebra associated to G/H and the
G-action over this scheme defines a comodule coaction of A overAH , or equivalently,
a morphism of group-schemes µ : G→ GL(AH). We define the core of H in G as
CoreG(H) := ker(µ).
It is clear from the definition that the core of a subgroup-scheme H is trivial
if and only if µ is a faithful representation. We recall that as a functor, we have
GL(AH)(R) = AutR(A
H ⊗R).
Proposition 3.14. The core of a subgroup-scheme H ⊂ G is the biggest normal
subgroup-scheme of G contained in H.
Proof. Let F : Alg0k → Grp be the functor given by
F (R) = {g ∈ G˜(R) : ∀ R-algebra R→ S, gS ∈ CoreG˜(S)(H˜(S))}
where gS is the image of g in G˜(S), it is clearly a sub-functor of H˜ and for any
k-algebra R, F (R)⊳ G˜(R). Moreover, it contains any functor of the form N˜ where
N is a normal subgroup-scheme of G that is contained in H from Proposition 3.12.
We will show that F is the functor of points of CoreG(H).
Let us denote the functor of points of CoreG(H) as C˜, and let us start by showing
that C˜ ⊂ F . If gR ∈ C˜(R) ⊂ G˜(R) we can easily see that from the fact that
it induces the identity R-automorphism of AH ⊗k R, this element acts like the
identity over G˜/H(R) = Homk−alg(A
H , R), in particular, it acts like the identity
over G˜(R)/H˜(R) and thus gR ∈ CoreG˜(R)(H˜(R)) and likewise over any R-algebra
R→ S, from which we conclude that C˜ ⊂ F .
On the other hand, F acts trivially over G˜/H˜ and then using the properties of
G˜/H as a sheafification of this pre-sheaf, we see that the trivial action of F over
G˜/H˜ can be lifted to a trivial action of F over G˜/H = Homk−alg(A
H ,−), this can
be viewed as a natural transformation of functors F → GL(AH) that has a trivial
image over any k-algebra. Thus, F ⊂ C˜ finishing the proof. 
3.2. Pull-back of pure torsors. Let us start with a lemma:
Lemma 3.15. Let f : X → S be a morphism of proper, reduced and connected
schemes of finite type over k, with k perfect. We will further assume that the
induced morphism πN (f) : πN1 (X, x) → π
N
1 (S, s) is faithfully flat for compatible
rational points.
Let V be an essentially finite bundle corresponding to a representation of πN1 (X, x)
that we suppose to lay inside a full subcategory Repk(G) for a finite group-scheme G
such that the Nori-reduced G-torsor associated to the morphism of group-schemes
πN1 (X, x) → G is not the pull-back of a Nori-reduced torsor over S. Then, if V
corresponds to a faithful representation of G, it cannot be of the form f∗(W ) with
W ∈ EF (S).
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Proof. Let α : G → GL(Vx) be the representation morphism corresponding to V ,
where Vx is the fiber of W over x. As a representation of the FGS it can be seen
as the composition πN1 (X, x) → G → GL(Vx). The image of this composition is
isomorphic to G.
Let us suppose that V is the pull-back of an essentially finite bundle W ∈ EF (S),
this implies that we have a commutative diagram
πN1 (X, x) //
πN (f)

G
α // GL(Vx)
πN1 (S, s)
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧
as πN (f) is faithfully flat, πN1 (S, s) → GL(Vx) factors through G. From this, we
can easily see that if T → X is the G-torsor associated to πN1 (X, x) → G, it is a
pull-back from a G-torsor over S, a contradiction. 
We can apply this to weak quotients of pure torsors as follows:
Lemma 3.16. Let f : X → S be a morphism of proper, reduced and connected
schemes of finite type over k, where the induced morphism πN (f) : πN1 (X, x) →
πN1 (S, s) is faithfully flat for compatible rational points.
Let t : T → X be a pure Nori-reduced G-torsor and let H be any non-trivial
subgroup-scheme of G. Then for the essentially finite cover t′ : T/H → X, the as-
sociated essentially finite bundle (t′)∗ (OT/H) is not the pull-back of any essentially
finite bundle over S.
Proof. We will proceed by induction over ord(G), the case of order 1 is trivial.
Let us now suppose ord(G) > 1 and let H be a subgroup-scheme of G. If H is
normal, there is nothing to prove as T is pure. Otherwise, we consider the cover
t′ : T/H → X corresponding in terms of essentially finite bundles to the sub-
representation AH of A where G = Spec(A). Let K be the core of H (Definition
3.13), there are two possibilities for K:
• If K is not trivial, then we can see T/H as a quotient of T/K from Propo-
sition 3.14, and thus result follows by applying the induction hypothesis.
• If K is trivial, the representation corresponding to (t′)∗ (OT/H ) is faithful
and thus it is not a pull-back from Lemma 3.15.

From this lemma, from now on we can change the definition of a pure torsor in
Definition 3.1 to include any quotient, weak quotients included.
We need one last lemma in order to prove the main result of this chapter.
Lemma 3.17. Let f : X → S be a faithfully flat and proper morphism of proper,
reduced and connected schemes of finite type over k, with k algebraically closed.
We will further suppose that S is integral and all geometric fibers are reduced and
connected, thus they all have a FGS.
If V ∈ EF (X) is an essentially finite bundle whose restriction to the geometric
generic fiber Xη¯ is trivial where η is the generic point of S, then V is the pull-back
of an essentially finite bundle over S. Moreover, if V = t∗(OT ) where t : T → X is
a finite Nori-reduced torsor, then T is the pull-back of a Nori-reduced torsor over
S.
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Proof. Let r ≥ 1 be the rank of V . From Remark 1.20 we obtain that h0(Xη¯, V |Xη¯ )
is equal to r. By the semi-continuity theorem, we have for any point s ∈ S that
h0(Xη¯, V |Xη¯ ) ≤ h
0(Xs, V |Xs) ≤ r
and thus the rank of the 0-th cohomology group of V is constant along the fibers
of S. This implies that f∗(V ) is locally free over S (see [10, III Coro. 12.9]).
If W = f∗(V ), arguing as in [19, II Prop. 9], we see that f
∗(W ) ∼= V and thus
W is essentially finite from Lemma 1.10 and the statement for the essentially finite
bundles coming from a finite Nori-reduced torsor comes from [19, II Prop. 9] as
well. 
Now we state the main proposition of this chapter, k will be algebraically closed:
Proposition 3.18. Keeping the hypotheses of Lemma 3.17, let t : T → X be a NR
pure G-torsor over X. Then, the pull-back Tη¯ → Xη¯ to the geometric generic fiber
of f is Nori-reduced, where η¯ is the geometric generic point over S.
Proof. The pull-back torsor Tη¯ of T corresponds to a morphism of group-schemes
πN1 (Xη¯) → Gη¯. Let Hη¯ ⊂ Gη¯ be the image of this morphism and let us suppose
that it is not equal to Gη¯: if it is trivial, we will immediately get a contradiction
from Lemma 3.17 and the pureness of T .
If Hη¯ is a non-trivial subgroup-scheme of Gη¯, then from good correspondence
(Corollary 3.8) both quotients Tη¯/Hη¯ and T/H exist.
We can easily see that the essentially finite bundle associated to t′ : T/H → X has
a trivial restriction to the geometric generic fiber, and thus from Lemma 3.17 this
bundle is the pull-back of an essentially finite bundle over S, contradicting Lemma
3.16. 
Remark 3.19. As communicated to the author by M. Emsalem, it can be shown
that weak quotients possess fundamental group-schemes applying [1, Theorem I
(1)]. This should extend the bijection between pointed G-torsors and arrows
πN1 (X, x)→ G to weak quotients on the right and weak quotients of torsors, where
weak quotients of torsors possess a FGS if and only if they are a quotient of a
Nori-reduced torsor.
With this, an alternative proof of Lemma 3.16 that does not require considering the
core of a subgroup-scheme can be given. This result will be given in the author’s
Ph.D. thesis manuscript.
4. Finiteness of the kernel
4.1. Setting and notation. In this section we will lay down the setting that we
will use in chapters 4 and 5 in order to prove Theorem 5.1.
From now on k will be an algebraically closed field. As such, we will often omit
the rational points when writing the FGS, as different rational points give rise
to isomorphic fundamental group-schemes [19, II Prop. 4 (c)]. We will make
exceptions when it becomes relevant, this also means that we can change rational
points at whim as long as we have compatible ones.
Let f : X → S be a faithfully flat morphism, between a proper variety and an
abelian variety S, we will denote its induced morphism at the level of FGS as
πN (f) : πN1 (X)→ π
N
1 (S).
We will further assume that all geometric fibers are reduced, connected and possess
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a finite FGS. This includes the geometric generic fiber Xη¯ where η is the generic
point of S.
With these hypotheses, we have that πN (f) is faithfully flat by Proposition 1.12.
Another natural example where this holds, is the case when f is smooth and proper
(see one of the corollaries of [19, II Prop. 6]).
For a G-torsor T over X , we will denote t : T → X its structural morphism and
V = t∗(OT ) its associated essentially finite bundle.
In this chapter we are going to work with a particular pro-NR torsor, associated
with the kernel of πN (f) : πN1 (X)→ π
N
1 (S).
4.2. The universal pull-back torsor. Before working with the kernel of πN (f),
we will state a general remark.
For the sake of generality, let us suppose for this section that k is just perfect X
and S are proper, reduced and connected, and f : X → S is such that πN (f) :
πN1 (X, x)→ π
N
1 (S, s) is faithfully flat for compatible rational points.
Remark 4.1. Let T be a Nori-reduced G-torsor over X , then we have the natural
composition ker(πN (f))→ πN1 (X)→ G whose image we will be denoted as K, this
is a normal subgroup-scheme of G, and the relationship between this subgroup-
scheme and G determines the nature of T :
• If K is a proper sub-group-scheme of G, the arrow πN1 (X)→ G/K factors
through πN (f) and thus it corresponds to a G/K-torsor t′ : X ′ → X that
is the pull-back of a Nori-reduced torsor p′ : S′ → S over the same group-
scheme, this pull-back quotient is the “biggest”, in the sense that any other
quotient of T that is a pull-back is a quotient X ′. In the particular case
when K is trivial, T itself is a pull-back. From now on, we will call the
torsor X ′ the maximal pull-back quotient of T .
Just to add up to our notations, as T is also a torsor overX ′, we will denote
its structural arrow as q : T → X ′, this is a Nori-reduced K-torsor defined
as the quotient scheme of T by the action of K.
• From the latter point, we observe that a Nori-reduced torsor is pure if and
only if K = G.
• A mixed G-torsor p : T → X is certainly not pure with respect to f , but
the torsor q : T → X ′ is pure with respect to the base change of f to S′,
f ′ : X ′ → S′.
We would like to further characterize the kernel of πN (f) : πN1 (X, x)→ π
N
1 (S, s)
using Proposition 2.3 to see it as a FGS. We will prove the scheme whose FGS is
the kernel is the following:
Definition 4.2. Let Sˆ be the universal torsor of S, we define the universal pull-
back torsor as the torsor X∗ := Sˆ ×S X over X .
We can clearly see that X∗ is the projective limit over X of all the torsors of
the form T ×S X where T → S is a finite Nori-reduced torsor over S.
When the induced morphism πN (f) : πN1 (X) → π
N
1 (S) is faithfully flat, we have
the following result:
Proposition 4.3. Let f : X → S be a morphism between proper, reduced and
connected schemes over a perfect field k, such that the induced morphism πN (f) :
πN1 (X, x)→ π
N
1 (S, s) for compatible rational points is faithfully flat.
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Then X∗ is a pro-NR torsor and in that case, we have πN1 (X
∗, x∗) = ker(πN (f))
where x∗ ∈ X∗(k) is a rational point over x.
Proof. Let Si → S be a finite Nori-reduced torsor over S, then its pull-back Xi :=
Si×SX over X is Nori-reduced as π
N (f) is faithfully flat. As we mentioned before,
X∗ is the projective limit of the torsors Xi, thus it is pro-NR and it possesses a
FGS from Proposition 2.3 that is ker(πN (f)). 
Using Lemma 2.2, the main properties of this pro-NR torsor are the following:
Proposition 4.4. We will denote by Sˆ = lim
←
Si where the limit is taken over
a directed set I of indexes, and consequently X∗ = lim
←
Xi (i ∈ I), where Xi =
Si ×S X. We will also add, according to Section 2.1, an auxiliary index “0” such
that X0 := X. Let T → X be a Nori-reduced torsor, T
′ its pull-back to X∗ and let
V → X∗ be a finite Nori-reduced torsor over the universal pull-back torsor. Then:
(1) If T is pure, T ′ is Nori-reduced.
(2) For any index i for which V descends to a torsor Vi → Xi fitting into a
cartesian diagram
V //

Vi

X∗ // Xi
we have that the torsor Vi is pure with respect to the morphism of schemes
fi : Xi → Si where fi is the base change of f via Si → S.
(3) If V does not descend to a torsor over X. There exist a big enough index
j such that the descent of V over Xj, that we denote by Vj, is the quotient
of a mixed torsor over X, whose maximal pull-back quotient is Xj.
Proof. (1) follows from the last remark. For (2), let fi : Xi → Si be the base
change of f that comes from Si → S, and let π
N (fi) : π
N
1 (Xi)→ π
N
1 (Si) be the in-
duced morphism between the corresponding FGS. We will show that ker(πN (fi)) =
ker(πN (f)) which implies (2) also from the last remark.
Firstly, from the commutative diagram of group-schemes
πN1 (Xi)
πN (fi)//

πN1 (Si)

πN1 (X)
πN (f) // πN1 (S)
where the vertical arrows are closed immersions, we get the inclusion ker(πN (fi)) ⊂
ker(πN (f)). And on the other hand, from the tower of torsors
X∗ → Xi → X
we also have a commutative diagramwhere all the arrows are inclusions of subgroup-
schemes
πN1 (X
∗) = ker(πN (f)) //
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
πN1 (Xi)

πN1 (X)
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which implies, together with the diagram right above, that ker(πN (f)) ⊂ ker(πN (fi)),
finishing the proof.
Lastly, to prove (3), let us take one index i with a descent Vi → Xi of V → X
∗.
This gives us the tower of torsors Vi → Xi → X and thus we can take its closure
W , thus we have the following commutative diagram
Vi

Xi

W
``❆❆❆❆❆❆❆❆
oo
~~⑤⑤
⑤⑤
⑤⑤
⑤⑤
X
.
All torsor forming the tower are Nori-reduced with respect to each corresponding
base. This last fact implies that Vi is a quotient of W as a torsor over Xi.
We also see that W is a mixed torsor over X , but as such its maximal pull-back
quotient is not necessarily Xi. Let W → Xj be the maximal pull-back quotient of
W , in that case we have that j ≥ i and we can use the arrow W → Vi to get an
arrow to the fibered product W → Vi ×Xi Xj which is actually Vj , this arrow is a
quotient of torsors, finishing the proof of (3). 
4.3. Comparison of geometric generic pull-backs of torsors. Going back to
the assumptions of Section 4.1. The fact that for f : X → S, S is an abelian variety,
implies the following:
Lemma 4.5. Let f : X → S be as in Section 4.1. Then, let p′ : X ′ → X be a
Nori-reduced G-torsor that is the pull-back of a Nori-reduced G-torsor t′ : S′ → S,
and let f ′ : X ′ → S′ be the base change to S′ of f . Then, X ′ is projective, reduced
and connected, S′ is an abelian variety and f ′ is proper and smooth with reduced
and connected geometric fibers.
Proof. As stated in Remark 1.14, S′ is an abelian variety. As the properties of
f ′ are inherited from those of f because they are preserved by base change, we
conclude that the proper scheme X ′ is also reduced and because Γ(X ′,OX′) = k
we also conclude that X ′ is connected.
The last bit that we need to prove is that the geometric fibers of f ′ posses a FGS.
To that end, we just need to prove that they are reduced and connected, but as
k is algebraically closed, we have the following property ([23, Lemma 36.26.2 Tag
055C, Lemma 36.24.2 Tag 0574]): If
YS = {s ∈ S : Xs is geometrically connected and reduced }
and YS′ is its counterpart for S
′ and X ′, then we have that
YS′ = (t
′)
−1
(YS) .
Thus, as YS = S in our case and t
′ is surjective, then we conclude that YS′ = S
′,
as we wanted. 
This lemma implies that Proposition 3.18 holds for f ′: If ξ is the generic point
of S′, then a pure Nori-reduced torsor over X ′ has a Nori-reduced pull-back to the
geometric generic fiber X ′
ξ¯
.
Now we will apply this to a special case: let p : T → X be a mixed Nori-reduced
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G-torsor, and let p′ : X ′ → X be its maximal pull-back quotient where t′ : S′ → S
is the H-torsor over S whose pull-back to X is X ′, if q : T → X ′ is the quotient
morphism, we have the following diagram with a cartesian square within
T
q

p

X ′
f ′ //
p′

S′
t′

X
f
// S
If η and ξ are the generic points of S and S′ respectively, we have the following
comparison result for the pull-back of T to X ′
ξ¯
:
Lemma 4.6. Keeping the notations of the last paragraph, the pull-back Tξ¯ of T to
the geometric generic fiber X ′
ξ¯
is the pull-back of a Nori-reduced torsor over Xη¯.
Proof. First, we have a natural morphism of geometric generic points ξ¯ → η¯, and
if we consider this morphism and the morphism ξ¯ → S′ we then have the following
diagram
ξ¯ //
❂
❂❂
❂❂
❂❂
❂ S
′
η¯
//

S′
t′

η¯ // S
where the square is cartesian and the triangle is commutative. As t′ : S′ → S is
a torsor, its geometric fiber is isomorphic to Hη¯, the base change of the k-group-
scheme H to the residue field of η¯. We can chose this isomorphism in such a way
that the morphism ξ¯ → S′η¯ becomes the composition ξ¯ → η¯
ǫη¯
→ Hη¯ under this
isomorphism where ǫη¯ is the unit rational point of the group-scheme Hη¯. Now if
we take the pull back of this diagram over f : X → S, we will obtain the following
commutative diagram
X ×S ξ¯ //
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑
X ×S Hη¯ //

X ′
p′

Xη¯ // X
Notice that the product X ×S Hη¯ is
X ×S Hη¯ = X ×S (S
′ ×S η¯)
= (X ×S S
′)×S η¯
= X ′ ×S η¯
= X ′η¯.
In addition, If we call Xξ¯ the fibered product X ×S ξ¯, we see that
X ×S ξ¯ = (X ×S S
′)×S′ ξ¯
= X ′ ×S′ ξ¯
= X ′
ξ¯
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and then we see that Xξ¯ is the geometric generic fiber of f
′ : X ′ → S′. Since X ′
is a pull-back torsor, we have that X ′η¯ is a trivial torsor over Xη¯ with a section
sη¯ : Xη¯ → X
′
η¯ fitting into the following diagram:
(5) X ′
ξ¯
θ //
λ
  ❅
❅❅
❅❅
❅❅
❅
X ′η¯
p′η¯

Xη¯
sη¯
EE
.
where the triangle made by θ, λ and p′η¯ is commutative as well as the triangle made
by the first two morphisms mentioned before, but with sη¯ instead of p
′
η¯ as the third
morphism.
Now let us consider p : T → X and take its pull-back Tη¯ over Xη¯ and the pull-back
Tξ¯ over X
′
ξ¯
. From Proposition 3.18 we know that Tξ¯ → X
′
ξ¯
is Nori-reduced as
q : T → X ′ is pure with respect to f ′ and it is worth to point out that Tξ¯ over
Xξ¯ is the pull-back along θ of qη¯ : Tη¯ → X
′
η¯, which is the pull-back to Xη¯ of q.
Let z : Z → Xη¯ be the pull-back of the torsor qη¯ : Tη¯ → X
′
η¯ along sη¯. As H is a
quotient of G, if we call K the normal subgroup-scheme of G such that H = G/K,
we have that Z is K-torsor and from the last commutative square, we see that its
pull-back along λ is Tξ¯, but this pull-back is Nori-reduced, and then so is Z which
is then the torsor over Xη¯ we were looking for, finishing the proof. 
Another consequence of the commutative diagram 5 in the proof Lemma 4.6 is
the following:
Corollary 4.7. Let p : T → X be a mixed G-torsor with maximal pull-back quotient
p′ : X ′ → X, if H = G/K for a certain normal subgroup-scheme K of G which
is the group-scheme associated to q′ : T → X ′. Then, the maximal Nori-reduced
sub-torsor of pη¯ : Tη¯ → Xη¯ is a K-torsor.
Proof. Firstly, as X ′ becomes trivial when taking the pull-back over Xη¯, we have
that the composition
πN1 (Xη¯)→ G→ G/K
is trivial, and thus the image of the first arrow is contained in K. Let V ⊂ Xη¯
be the maximal Nori-reduced sub-torsor of Xη¯ which is not Nori-reduced, as its
associated group-scheme corresponds to the image of πN1 (Xη¯)→ G, we see that K
is the biggest possible subgroup-scheme that could be associated to V .
Moreover, let us consider the Nori-reduced K-torsor z : Z → Xη¯ from the last
proof, we will show that it is a sub-torsor of Tη¯ which implies that V = Z. We have
the following cartesian diagram
Z
i //
z

Tη¯
qη¯

Xη¯ sη¯
// X ′η¯
and because sη¯ is a closed immersion, so is i, and the only thing we need to show
to get that Z is a sub-torsor, is the equality pη¯ ◦ i = z. From the cartesian diagram
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we see that sη¯ ◦ z = qη¯ ◦ i and if we compose this equality with p
′
η¯ we obtain:
p′η¯ ◦ qη¯︸ ︷︷ ︸
=pη¯
◦i = p′η¯ ◦ sη¯︸ ︷︷ ︸
=idXη¯
◦z
pη¯ ◦ i = z
and effectively, Z is a sub-torsor of Xη¯ finishing the proof. 
4.4. Proof of finiteness and consequences. Now we will prove that for the
fibration f : X → S, the kernel of the induced morphism of fundamental group-
schemes is finite as the FGS of Xη¯ is finite and S is an abelian variety. But first,
we need a general lemma:
Lemma 4.8. Let k be any field, and let X be a k-scheme possessing a FGS with
respect to the rational point x ∈ X(k). Let us suppose that for any Nori-reduced
G-torsor over X, the order of G is bounded by a fixed finite positive integer, then
πN1 (X, x) is finite.
Proof. Let M ∈ N be the bound for the orders of the group-schemes acting over all
Nori-reduced torsors over X .
LetM be the set of isomorphism classes of finite Nori-reduced torsors over X , this
set comes with a natural partial ordering V ≤ V ′ iff there exists a faithfully flat
morphism V ′ → V between representatives over X . In this case, we can use Zorn’s
lemma to get a maximal element of M that will be a finite Nori-reduced G-torsor
over X with ord(G) ≤M .
Let {Vi}i∈I be a chain of elements of M. If the index set I is finite, we can index
the elements of the chain as {Vi}
n
i=1 and we have a chain of finite group-schemes
G1 ← G2 ← · · · ← Gn
with faithfully flat arrows between them, that corresponds to a chain of inclusions
of Hopf-algebras
A1 →֒ A2 →֒ · · · →֒ An
and all the Hopf-algebras on the chain have finite k-dimension, bounded byM , and
thus Vn is a maximal element for the chain of torsors. We note as well that An is
isomorphic to the directed limit of the chain of Hopf-algebras.
If I is infinite, we will get a similar chain of Hopf-algebras
A0 →֒ A1 →֒ · · ·
and each Hopf-algebra Ai (i ∈ I) has finite k-dimension bounded by M . As the k-
dimension of the Hopf-algebras on the chain increases, this chain must be eventually
stationary, i.e., Ai ∼= Aj for i ≤ j, after a finite amount of inclusions starting from
Ai0 , if AN is the least element that stabilizes the chain of Hopf-algebras, we see
that the direct limit lim
→
Ai is isomorphic to AN and thus to all Ai with i ≥ N , this
means that we can take VN as the maximal element of the chain, and the dimension
of AN is bounded by M .
As we have assured the existence of finite a G-torsor U → X (ord(G) ≤ M), the
supremum of M, we can see that for any finite Nori-reduced torsor T over X , we
have a faithfully flat arrow U → X . We will conclude by showing that U is unique
modulo isomorphism. Let V be another supremum of M, then we can take the
fibered product U ×X V . This torsor might not be Nori-reduced but it has a Nori-
reduced sub-torsor Z ⊂ U ×X V with faithfully flat arrows Z → U and Z → V as
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both U and V are Nori-reduced, this forces Z ∼= U ∼= V . Thus U is unique under
isomorphism, and U ∼= Xˆ finishing the proof. 
Proposition 4.9. Let f : X → S be as in section 4.1. Then, the kernel of the
induced morphism πN (f) : πN1 (X)→ π
N
1 (S) is finite.
Proof. Using Lemma 4.8, we will show that the order of the group-scheme associated
to a finite Nori-reduced torsor V → X∗ is bounded by a fixed positive integer.
Keeping the notation of Proposition 4.4, there are two cases:
(a) If V descends to a finite Nori-reduced and pure torsor V0 over X , then we
see that the pull-back to Xη¯ is Nori-reduced by Proposition 3.18 and thus
the order of the group-scheme associated to V is bounded by |πN1 (Xη¯)|, the
order of πN1 (Xη¯).
(b) If V descends to a finite torsor Vi → Xi, that is pure with respect to
fi : Xi → Si, by Proposition 4.4(3), we can suppose that there is a mixed
torsor T → X such that Xi is its maximal pull-back quotient and Vi is a
quotient of T over Xi. From Lemma 4.6 and Corollary 4.7, the order of
T → Xi is the order of the maximal Nori-reduced sub-torsor of the pull-back
Tη¯ over Xη¯, which is then bounded by |π
N
1 (Xη¯)|, finishing the proof.

Finally, we outline a strong consequence of the finiteness of the kernel.
Corollary 4.10. Let f : X → S be a morphism between proper, connected and
reduced k-schemes of finite type with k perfect, and let us suppose that the induced
morphism (for compatible rational points) πN (f) : πN1 (X, x)→ π
N
1 (S, s) is faithfully
flat with finite kernel. Then, there is a Nori-reduced torsor Xi → X that is the
pull-back of a Nori-reduced torsor Si → S, such that we have an isomorphism
πN1 (Xi, xi)
∼= πN1 (Si, si) ×k ker(π
N (f)) for compatible rational points coming from
the morphism Xi → Si.
Proof. As the kernel of πN (f) is finite, the torsor Xˆ → X∗ is finite. Using Lemma
2.2 as X∗ is pro-NR, Xˆ → X∗ descends to a finite torsor Xˆi → Xi where Xi → X
is the pull-back of a Nori-reduced torsor Si → S such that we have the following
cartesian diagram
Xˆ //

Xˆi

X∗ // Xi
.
In particular, we have that Xˆ = X∗ ×Xi Xˆi and this implies for xi ∈ Xi(k) that
πN1 (Xi, xi) = G×ker(π
N (f)) is the product of the group-schemes corresponding to
X∗ and Xˆi over Xi. To characterize G as π
N
1 (Si, s
′), we see from the commutative
diagram
X∗ //

Sˆ

Xi // Si
that Sˆ → Si and thusX
∗ → Xi is a π
N
1 (Si, si)-torsor for some si ∈ Si(k) compatible
with xi, finishing the proof. 
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Remark 4.11. In the case the torsor Xˆ → X∗ descends to a torsor over X , we
will obtain that πN1 (X, x) = π
N
1 (S, s) ×k ker(π
N (f)) and thus we would obtain a
split short exact sequence
1→ ker(πN (f))→ πN1 (X, x)→ π
N
1 (S, s)→ 1.
5. Base change condition and proof of the exact sequence
Keeping the hypotheses and the notation outlined in 4.1, we will restate the
main theorem:
Theorem 5.1. Let f : X → S be a fibration as in Section 4.1, with k an uncount-
able algebraically closed field. Then, there exists a rational point s ∈ S(k) such that
the following exact sequence:
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (S, s)→ 1
is exact where x ∈ X(k) is a rational point of X over s.
For the proof of this result, we will verify one of the equivalent conditions for
the exact sequence above outlined by L. Zhang in [26], these are the following:
Theorem 5.2 ([26]). Let f : X → S be a proper morphism, with reduced and
connected geometric fibers, between two reduced and connected locally noetherian
schemes over a perfect field k. We additionally suppose that S is irreducible and
we take x ∈ X(k) and s ∈ S(k) such that f(x) = s. Then the following statements
are equivalent:
(1) The sequence
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (S, s)→ 1
is exact.
(2) For any Nori-reduced G-torsor t : T → X with G finite, the vector bun-
dle t∗(OT ) satisfies the base change condition at s and the image of the
composition πN1 (Xs, x) → π
N
1 (X, x) → G is a normal subgroup-scheme of
G.
(3) For any Nori-reduced G-torsor t : T → X with G finite, the vector bundle
t∗(OT ) satisfies the base change condition at s and there exists a Nori-
reduced G′-torsor t′ : T ′ → S with an equivariant morphism θ : T → T ′ such
that the induced map (t′)∗ (OT ′ )s → f∗ (t∗(OT ))s of fibers over s coming
from θ is an isomorphism.
Moreover, if X and S are proper, then we can add an additional equivalent condi-
tion. Namely:
(4) For any Nori-reduced G-torsor t : T → X with G finite, the vector bundle
t∗(OT ) satisfies the base change condition at s and f∗ (t∗(OT )) is essentially
finite over S.
We see that all of these conditions require a condition over the essentially finite
bundle V = t∗(OT ) for all Nori-reduced torsors t : T → X known as the “base
change at s” for s ∈ S(k) and another additional condition. In the next two sections
we will define the base change condition, and verify it for our fibration together
with one of Zhang’s equivalent conditions for the homotopy exact sequence, after
choosing a suitable rational point of S.
34 RODRIGO CODORNIU COFRE´
5.1. The base change condition. We will begin by defining this condition.
Definition 5.3. Let f : X → S be a map of schemes, and F a coherent sheaf of
OX -modules. If s : Spec(κ(s))→ S is a point, then we have the cartesian diagram:
Xs
g

i // X
f

Spec(κ(s)) s
// S
.
We say that F satisfies the base change condition at s if the canonical map
s∗ (f∗(F))→ g∗ (i
∗(F))
is surjective.
Remark 5.4. If f is proper, S is locally noetherian, F is coherent and flat over
S, then F satisfies the base change condition at s if and only if the canonical map
above is an isomorphism (see [10, III Thm. 12.11]).
The base change condition over a point is a particular case of the general base
change condition about the following cartesian diagram:
X ′
g

v // X
f

S′ u
// S
.
and the canonical arrow
(6) u∗ (f∗(F))→ g∗ (v
∗(F))
for a quasi-coherent sheaf F of X . For the condition to hold, we demand that the
former arrow to be surjective.
Under certain assumptions, this condition holds for a wide family of quasi-coherent
sheaves:
• If f is separated, of finite type and u : S′ → S is a flat morphism of
noetherian schemes the arrow 6 is an isomorphism for all quasi-coherent
sheaves [10, III Prop. 9.3].
• Equation 6 is also an isomorphism if f is affine for all quasi-coherent sheaves
of OX -modules and for any u ([23, Lemma 02KG]).
For our particular case, the base change condition over a point s of S means
that we have to prove that the following morphism of vector spaces
(7) f∗(F)s ⊗OS,s κ(s)→ Γ(Xs, F|Xs)
is surjective, and thus an isomorphism.
Also, as the generic point η : SpecK → S of S is a flat morphism, the base change
condition is always generically satisfied. This implies for coherent sheaves on X
that there is an open set UF , containing η, such that for all closed points s ∈ UF ,
the base change condition is also satisfied at s [10, III Thm. 12.11 (a)].
Now let us take f : X → S as in section 4.1 and let t : T → X be a Nori-reduced
pointed G-torsor over X , corresponding to a faithfully flat arrow πN1 (X)→ G, we
need to prove that the vector bundle V = t∗(OT ) satisfies the base change condition
FUNDAMENTAL GROUP-SCHEME OF SOME RATIONALLY CONNECTED FIBRATIONS 35
over a certain rational point of S.
We start with pull-back torsors:
Proposition 5.5. Let t′ : X ′ → X be a G-torsor over X. Assume that X ′ is the
pull-back of a G-torsor p : S′ → S, then it satisfies the base change condition for
all rational points of S.
Proof. From our hypotheses, we have the following cartesian diagram
X ′
t′

f ′ // S′
p′

X
f // S
.
As the fibers for both f and f ′ are connected, we have that f∗(OX) = OS and
f ′∗(O
′
X) = O
′
S and thus we have that f∗(t
′
∗(OX′) = p
′
∗(OS′) is a vector bundle on
S and thus it has a constant rank throughout the points of S. Let r be the rank of
t′∗(OX′), from the last equality f∗(t
′
∗(OX′)) has the same rank as it is equal to the
order of G for both bundles.
On the other hand, as the pull-back ofX ′ toXs is trivial for all points s ∈ S, we have
that r = Γ(Xs, t
′
∗(OX′)|Xs) which finishes the proof as we have an isomorphism on
the equation 7. 
Now we focus our attention to pure torsors:
Proposition 5.6. Let t : T → X be a pure Nori-reduced torsor over X, there exists
an open set UT ⊂ S, containing the generic point of S, such that for any rational
point s ∈ UT , the pull-back of T to the fiber Xs is Nori-reduced and V = t∗(OT )
satisfies the base change condition at s.
Proof. Let t : T → X be a pure Nori-reduced torsor and V = t∗(OT ) as we pointed
out before, there exists an open set U ⊂ S that contains the generic point of S
in which the base change condition for V is satisfied at all of the rational points
contained within.
Moreover, as the pull-back of T to the geometric generic fiber Xη¯ is Nori-reduced
by Proposition 3.18 and thus h0(Xη¯, V |Xη¯ ) = 1 and by the semi-continuity theorem
[10, III Thm. 12.8], there exist an open set U ′ ⊂ S such that h0(Xη¯, V |Xη¯ ) = 1 as
well, which implies that the pull-back of T to Xs is Nori-reduced, for s ∈ U
′(k).
Finally, by taking UT = U ∩ U
′ we finish the proof. 
Now the only Nori-reduced torsors remaining are the mixed ones:
Proposition 5.7. Let t : T → X be a mixed Nori-reduced G-torsor. If we write
H = G/K where H is the group-scheme corresponding to the maximal pull-back
quotient of T , there exists an open set UT ⊂ S, containing the generic point of S,
such that for any s ∈ UT (k), the maximal Nori-reduced sub-torsor of the pull-back
of T to Xs is a K-torsor, and V = t∗(OT ) satisfies the base change condition at s.
Proof. There exists an open set U ⊂ S where V satisfies the base change condition
at any rational point of U .
Moreover, as the maximal Nori-reduced sub-torsor of the pull-back Tη¯ of T to the
geometric generic fiber Xη¯ is a K-torsor by Corollary 4.7, as K is the image of the
morphism πN1 (Xη¯)→ G.
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Applying Corollary 1.21, we have that h0(Xη¯, V |Xη¯ ) = r where r = ord(H), and
for any s ∈ S(k) we have that h0(Xs, V |Xs) ≥ r as the image of π
N
1 (Xs) → G
corresponding to the pull-back of T to Xs has its image contained in K. Thus,
by semi-continuity, there exists an open set U ′ where the maximal Nori-reduced
sub-torsor of pull-back torsor Ts → Xs is a K-torsor for any s ∈ U
′(k).
Finally, by taking UT = U ∩ U
′ we conclude the proof. 
5.2. Proof of the exact sequence. We are ready to finish the proof of Theorem
5.1. We start with a remark:
Remark 5.8. From generic flatness, good correspondence (Proposition 3.7 and
Corollary 3.8), and Corollary 4.7 when k is algebraically closed, we can colloquially
state that, under the right hypotheses, “one of Zhang’s conditions for the homotopy
exact sequence is generically satisfied” in the following sense: for any Nori-reduced
G-torsor t : T → X with G finite, the vector bundle t∗(OT ) satisfies the base change
condition at η¯ and the arrow πN1 (Xη¯) → Gη¯ has normal image. This condition is
comparable to Theorem 5.2 (2).
This implies that for any Nori-reduced torsor t : T → X , at least one of Zhang’s
conditions can be satisfied over an open subset of S, dependent on T , as we have seen
in the last section. The hard part of showing the the homotopy exact sequence in
this case, is to find a rational point s ∈ S(k) for which we can verify any of Zhang’s
conditions for all Nori-reduced torsors over X .
Now let f : X → S be as in section 4.1, first we recall that the induced morphism
πN (f) : πN1 (X) → π
N
1 (S) is faithfully flat (Proposition 1.12), and secondly we
notice that ker(πN (f)) is finite from Proposition 4.9. Then, from Corollary 4.10,
we can deduce the following lemma:
Lemma 5.9. Let f : X → S be as in section 4.1. Let us suppose that k = k¯ is an
uncountable field, the torsor Xˆ → X∗ (Definition 4.2) is finite and that it descends
to a finite torsor Xˆ0 over X.
Then, there exists s ∈ S(k) such that for compatible points, the following sequence
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (S, s)→ 1
is exact.
Proof. Let t : T → X be a pure Nori-reduced torsor, as the pull-back T ×X X
∗
is Nori-reduced (Proposition 4.4(1)), we have a faithfully flat morphism of torsors
Xˆ → T ×X X
∗ over X∗ and thus a faithfully flat morphism Xˆ0 → T over X . As
both torsors are Nori-reduced, T must be a quotient of Xˆ0 by a normal subgroup-
scheme of ker(πN (f)) and thus there is a finite amount of isomorphism classes of
pure Nori-reduced torsors in this case. This allows us to consider the open set
UP =
⋂
T∈P UT where P is the finite family of isomorphism classes of pure Nori-
reduced torsors over X , and UT is the open set defined in Proposition 5.6. The
finiteness of P implies that UP is a dense open set of S as it contains its generic
point and it has rational points inside. Over any of such rational point p ∈ UP ,
all pure Nori-reduced torsors satisfy the base change condition at p and their pull-
backs to the fiber Xp are Nori-reduced.
If t : T → X is mixed and Nori-reduced, assuming the notation of Proposition
4.4, if Xi := Si ×S X is its maximal pull-back quotient where Si → S is Nori-
reduced, by using a similar argument to the one we used for pure torsors, we see
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that T → Xi is a quotient torsor of the pure torsor Xˆi → Xi, the descent of
Xˆ → X∗ over Xi, with respect to fi : Xi → Si. This implies there is a finite
amount of classes of isomorphic pure torsors over Xi. As S is an abelian variety, it
possesses a countable amount of isomorphism classes of Nori-reduced torsors and
thus there is a countable amount of isomorphism classes of pull-back torsors Xi,
so we conclude that there is a countable amount of isomorphism classes of mixed
Nori-reduced torsors over X . If M is the family of such isomorphism classes, we
see that the intersection UM =
⋂
T∈M UT where UT is the open subset of S coming
from Proposition 5.7 is a very general (the complement of a countable union
of closed subsets with empty interior) subset of S. As k is uncountable, we can
find rational points within and thus there exists m ∈ UM (k) such that any mixed
Nori-reduced torsor satisfies the base change condition at m and the maximal Nori-
reduced sub-torsor of any pull-back of a mixed torsor over Xm is a torsor over the
image ker(πN (f)) → πN1 (X, x) → G where G is the group-scheme associated to a
mixed torsor T .
Finally, as pull-back torsors satisfy the base change condition at any s ∈ S(k) in
this case from Proposition 5.5, by choosing a rational point s ∈ UP ∩ UM we have
for x ∈ X(k) over s, that the sequence
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (S, s)→ 1
is exact as we wanted, because we have chosen s such that we satisfy one Zhang’s
equivalent conditions for the homotopy exact sequence to hold, more specifically
the one stated in Theorem 5.2 (2). 
Proof of Theorem 5.1. As kerπN (f) is finite, there exist a Nori-reduced torsor Si →
S and Xi → X its pull-back torsor, such that the finite torsor Xˆ → X
∗ descends
to a torsor Xˆi → Xi, pure with respect to fi : Xi → Si. These schemes satisfy
the hypotheses of Lemma 5.9 and thus for a rational point s′ ∈ Si(k) with have an
exact sequence
πN1 (Xi,s′ , x
′)→ π1(Xi, x
′)→ πN1 (Si, s
′)→ 1
where Xi,s′ is the fiber of fi over s
′. Let s, x be the images of the points s′ and x′
to X and S respectively, we see that we have a commutative diagram
Xi,s′ //

Xi

fi // Si

Xs // X
f // S
.
We can easily see that Xi,s′ → Xi is a pointed Nori-reduced torsor and thus by
taking the FGS of all the schemes involved we obtain the following commutative
diagram of group-schemes
πN1 (Xi,s′ , x
′) //

πN1 (Xi, x
′)

fi // πN1 (Si, s
′)

πN1 (Xs, x) // π
N
1 (X, x)
f // πN1 (S, s)
where all the vertical arrows are closed immersions. From the proof of Proposi-
tion 4.4, we see that ker(πN (f)) = ker(πN (fi)) and thus we have additionally the
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following commutative diagram
πN1 (Xi,s′ , x
′)

'' ''❖❖
❖❖
❖❖
❖❖
❖❖
❖
// πN1 (Xi, x
′)

ker(πN (f))
88♣♣♣♣♣♣♣♣♣♣♣
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
πN1 (Xs, x)
//
77♦♦♦♦♦♦♦♦♦♦♦
πN1 (X, x)
.
From the homotopy exact sequence, the arrow πN1 (Xi,s′ , x
′)→ ker(πN (f)) is faith-
fully flat and as the arrow πN1 (Xi,s′ , x
′) → πN1 (Xs, x) is a closed immersion, we
conclude that πN1 (Xs, x)→ ker(π
N (f)) is faithfully flat, finishing the proof. 
6. Applications to curve-connected varieties
In this chapter we will apply the results of previous chapters to some particular
cases of varieties connected by curves, or curve-connected. We will borrow most
results and definitions related to these varieties from [8].
One of the few examples of varieties with known fundamental group-schemes, be-
sides abelian varieties, are rationally connected varieties.
Definition 6.1 (Definition 3.1 [8]). Let X be a variety over k, we will not assume
X is proper. We say for that X is connected by curves of genus g (resp.
chain connected) for some g ≥ 0, if there exist a proper and flat family of curves
C → Y where Y is a variety, whose geometric fibers are proper smooth irreducible
curves of genus g (resp. connected curves with smooth irreducible components that
are curves of genus g), such that there exists a morphism u : C → X , making
u(2) : C ×Y C → X ×k X dominant.
Moreover, if X is connected (resp. chain connected) by curves of genus g and u(2)
is smooth at the generic point, we say that X is separably connected (resp.
chain connected) by curves of genus g.
This is a generalization of the Definition 1.15 which is of course the latter defi-
nition with g = 0.
The observation of Remark 1.16 also holds in general, meaning that in characteris-
tic zero, varieties connected by curves of genus g (g ≥ 0) are separably connected
by curves of genus g. In positive characteristic, the latter condition is stronger than
the former.
Another notion of curve-connected varieties is the following:
Definition 6.2 (Definition 3.3 [8]). LetX be a variety over k, we will not assumeX
is proper. Let C be a curve, we say that X is C-connected if there exist a variety
Y and a morphism Y ×k C → X , such that the induced map u
(2) : C ×k C ×k Y →
X ×k X dominant.
Moreover, u(2) is smooth at the generic point, we say that X is separably C-
connected.
The following proposition gives a special family of C-connected varieties.
Proposition 6.3 (Proposition 3.5 [8]). Let X be a projective and smooth variety
over an algebraically closed field and let f : X → C be a flat morphism to a smooth
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and projective curve whose geometric generic fiber is separably rationally connected.
Then X is C-connected.
We can describe the FGS of these varieties, by generalizing over positive charac-
teristic, a result of Kollr [11, Theorem 5.2] about the topological fundamental group
of a rationally connected fibration of varieties over C. We recall that the FGS of a
smooth separably rationally connected variety is trivial (Proposition1.17).
Theorem 6.4. Let f : X → Y be a faithfully flat fibration between proper, re-
duced and connected varieties over an algebraically closed field k, such that πN (f) :
πN1 (X, x) → π
N
1 (Y, y) is faithfully flat for compatible rational points. We further
assume that X is smooth, Y is integral, all geometric fibers are reduced and con-
nected, and the geometric generic fiber is separably rationally connected. Then,
πN (f) is an isomorphism.
Proof. If η is the generic point of Y , we have that πN1 (Xη¯) is trivial as it is separably
rationally connected. This implies that any essentially finite bundle over X is the
pull-back of an essentially finite bundle over Y by Lemma 3.17. Thus, πN (f) is
also a closed immersion by [7, 2.21 (b)]. 
We remark that in more generality, it suffices that πN1 (Xη¯) is trivial to obtain an
isomorphism. We can apply this theorem to a our particular C-connected fibered
varieties:
Corollary 6.5. Keeping the hypotheses of Proposition 6.3, the morphism f : X →
C making X a C-connected variety induces an isomorphism of fundamental group-
schemes.
Proof. We can easily see that πN (f) : πN1 (X) → π
N
1 (C) is faithfully flat from a
corollary under [19, II Prop. 6 (c)], thus this fibration satisfies the hypotheses of
Theorem 6.4. 
In his article, Gounelas also characterizes elliptically connected varieties
(Definition 6.1 with g = 1) over an algebraically closed field of characteristic 0:
Proposition 6.6 (Theorem 6.2 [8]). Let X be a smooth and projective variety over
an algebraically closed field of characteristic 0. Then X is elliptically connected if
and only if it is either rationally connected or a rationally connected fibration over
an elliptic curve.
Under the hypotheses of this proposition, the fibration f : X → E has separably
rationally connected geometric fibers, then X is E-connected by Proposition 6.3.
In positive characteristic, as we mentioned under Definition 6.1 and in Remark
1.16, the condition of separability for rationally connected varieties is not always
satisfied, and thus it is not certain if the fibration f : X → E makes X elliptically
connected, but at least we can characterize its FGS:
Theorem 6.7. Let k be an uncountable algebraically closed field, and let X be a
smooth projective variety over k. Assume there is a projective fibration f : X → E
where E is an elliptic curve such that all geometric fibers are rationally connected.
Then, there exists rational compatible points x ∈ X(k) and e ∈ E(k) such that the
following sequence of group-schemes is exact:
πN1 (Xs, x)→ π
N
1 (X, x)→ π
N
1 (E, e)→ 1.
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Moreover, if char(k) = 0, f induces an isomorphism πe´t1 (X, x¯) → π
e´t
1 (E, e¯) for
compatible geometric points.
Proof. The first part comes directly from Theorem 5.1, as the FGS of the geometric
fibers of this morphism, that are rationally connected, are finite (Proposition 1.17).
If k has characteristic zero, as the fundamental group-scheme and the e´tale fun-
damental group are effectively the same in this case [24, Corollary 6.7.20], the
conclusion follows from Corollary 6.5. 
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